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Propagation Characteristics of Single-Mode Optical
Fibers With Arbitrary Complex Index Profiles
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Abstract—A rapidly converging numerical technique for the
evaluation mode characteristics of circularly symmetric optical
fibers with an arbitrary complex refractive index profile is
presented. This method is based on transmission-line principles.
From Maxwell’s equations, we derive a transmission-line equiv-
alent circuit for the optical fiber refractive index profile and we
demonstrate how it can be used to determine the mode effective
index (normalized propagation constant) of cylindrical dielectric
waveguides. To illustrate the effectiveness of the procedure, we
have applied it to circularly symmetric fibers with complex step,
parabolic, and segmented optical refractive index profiles. We
have used this method to evaluate and manipulate the gain in
a typical 980-nm pumped erbium-doped fiber as well as for
calculating attenuation of optical fibers when radial loss factors
are present.

Index Terms—Erbium-doped fiber amplifiers (EDFA), gain,
single-mode fiber.

I. INTRODUCTION

E RBIUM-DOPED fiber amplifiers (EDFAs) have now
replaced optoelectronic repeaters as the primary design

option for extending the range and capacity of the world’s
fiber-optic telecommunications systems [1]. These amplifiers
naturally provide gain at very high bit rates and at many
wavelengths in a broad band stretching from 1.53 to 1.58 m.
With the advent of fiber lasers and doped fiber amplifiers,
attention has been drawn to the analysis of optical fibers
whose refractive index profile can be described in terms of a
complex numbers. Complex refractive index profiles result in
complex mode propagation constants offering information on
the loss or gain properties of optical fibers. Some approximate
or numerically cumbersome methods have been reported in the
literature [2]–[5] for evaluation of the propagation characteristics
of such fibers. The authors of [2] attempt to separate the real
and imaginary parts of the complex scalar wave equation to
obtain two real scalar wave equations, under the assumption
that the imaginary part of the field is much smaller than the
real part. Thus, this method is accurate only for profiles in
which the imaginary part of the refractive index is very small.
Reference [3] has been the standard method of perturbation,
in which the restraining assumption is that the loss or gain
exhibited by the fiber does not significantly alter the field and is
also valid for small imaginary parts of the refractive index. To
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overcome this restraint, a numerical procedure (Rayleigh–Ritz)
was developed [4], [5], involving expansion of the mode field
in terms of appropriate basic functions. This procedure has
been extended to complex refractive index profiles by choosing
complex expansion coefficients. This converts the problem to a
complex matrix eigenvalue equation. Although this procedure
does not neglect the imaginary part of the field, the number
of basic functions required in the expansion, for sufficient
accuracy, can often be as large as 50. Hence, the procedure
requires evaluation of the complex eigenvalues of a 50 50
matrix with complex elements. This requires a cumbersome
algorithm, as well as the use of optimized NAG library routines,
and it is relatively slow in obtaining an eigenvalue.

We have shown that transmission-line techniques can be ap-
plied in optical fibers with real refractive index profiles and
can determine exactly the mode propagation constants [6] and
cut-off wavelengths of waveguide modes [7]. In general, from
knowledge of the mode electric field, we can even synthesize
the exact refractive index profiles numerically using this pow-
erful technique [8].

In this paper, we are presenting a simple direct numerical
procedure to evaluate accurately the complex propagation con-
stants in circularly symmetric single-mode fibers with an arbi-
trary complex refractive index profile. It is based on the trans-
mission-line principles. Section II describes the basic theory our
technique is based upon.

II. TRANSMISSION-LINE REPRESENTATON OF OPTICAL FIBERS

We divide a cylindrical optical waveguide into a large number
of concentric homogeneous cylindrical layers of thickness ,
permittivity , permeability , and conductivity in Fig. 1.

The and components of Maxwell’s equations for any
such layer can be written as [6]

(1)

(2)

where , is the propagation
constant, is the azimuthal mode number (integer), and is the
mode frequency.
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Fig. 1. Homogeneous optical fiber thin cylindrical layer.

We restrict our analysis to the case , , ,
where is the refractive index of the layer at distance from the
axis. We define the following variable voltages and currents:

sum

difference

sum

difference

(3)

where

magnetic voltage

magnetic current

electric voltage

electric current

the free space impedance, .
Similarly to [7], after some algebra (1) and (2) can be trans-

formed into

(4)

where (
for , for modes). Equation (4) represents two inde-
pendent transmission lines with voltages and and currents

and . The corresponding characteristic impedances are

(5)

The above equations are recognized as the well-known trans-
mission-line equations with the solution represented by the fol-
lowing electric circuit (see Fig. 2) with impedances:

(6)

where is the length of the transmission line.
Since is infinitesimal, , we finally have

(7)

Fig. 2. Equivalent circuit of a dielectric waveguide.

Normalizing (7) with respect to gives

(8)

where

An optical fiber can be represented as a cascade of such T
circuits, the impedances of which are functions of the waveguide
physical and optical properties. The mode propagation constants
can be determined when the optical energy is trapped inside
the optical waveguide, and this is equivalent to the resonance
conditions of the equivalent T circuits [6]. The
normalized mode propagation constant is the function of the
known fiber refractive index , as shown in (8). We obtain the
unknown using any root searching method which locates the
roots of the total impedance of the T circuits, . If the
refractive index is a complex number, the calculated propagation
constant should be complex. The waveguide gain or loss can
therefore be derived from the imaginary part of the propagation
constant.

Our approach also offers a technique for determining the
mode field plots of the and modes in terms of

the and variables below. From the above equations,
we can derive the circuit electric current and from it the
electric field . From (3), we have

(9)

(10)

We can set when the modes are of
interest. This implies that

(11)
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Substituting into (9) and (10), we have

(12)

Note that and are also referred to as and , re-
spectively, in (3). Hence

(13)

and
Finally, we have

(14)

Therefore, if we already know the refractive index as a func-
tion of radius, we can use (14) to plot the electric field pre-
cisely.

III. DEFINITION OF THE COMPLEX REFRACTIVE INDEX FOR

ERBIUM-DOPED FIBER

The signal gain in an EDFA is obtained by creating population
inversion using a pump at 980 nm. The assumption of a three-
level laser system for the EDFA provides a means of defining a
complex refractive-index profile for the pumped EDFA at signal
and pump wavelengths. The complex refractive-index profile of
the core-doped fiber can, in general, be written as [4]

(15)

where is the core radius.
We illustrate our procedure by analyzing a step-index fiber

with step-index erbium doping concentration in the core,
for and for , with m,

and , m , and a
pump wavelength of 980 nm. is the erbium-doping profile,

are the fiber mode profiles at the pump and signal wave-
lengths, and the step-index refractive index profile are simply
given by [5]

(16)

(17)

where , , , and are the conventional fiber
parameters [9] of the undoped fiber, and is the Bessel
function of the first kind of order zero. Equations (16) and (17)
are valid only for step-index profile waveguides; for other pro-
file waveguides, we use (14) to obtain the electric field, and the
square of the field is .

and are the absorption and emission cross
sections, respectively, at signal wavelength and

. They correspond to of [9, Fig. 4.22], with peak
values m and . The absorp-
tion cross section of the pump is m . Also,
and indicate the signal and pump powers guided in the funda-
mental mode normalized to their respective saturation powers

Fig. 3. Radial profile of the imaginary part of the pump index against radius in
the core at different input pump power levels q (marked) by the present method
(P) and Rayleigh–Ritz method (R) of [4].

, , with and
defined as

(18)

(19)

where is Planck’s constant m kg/s, is the light
speed in free space, is the lifetime of the upper laser level

s, and is the mode power radius given by [4]

(20)

For any medium with a complex refractive index, the imag-
inary part of refractive index in the pumped erbium-doped
fiber can be written as in [4] as follows:

(21)

(22)

The positive (negative) sign of the imaginary part indicates
a gain (loss) medium. Once is defined, the modal gain and
loss can be obtained. The corresponding gain per unit length,
defined as , is given by . The gain or
loss of the propagation signal and pump power, in decibels per
meter, is hence dB/m .

IV. APPLICATION NUMERICAL RESULTS AND DISCUSSION

Using (15), the complex refractive-index profile, and using
our transmission-line technique, we obtain the first values of
complex and corresponding values of gain at different wave-
lengths in the 1.53- m range. The typical radial index profiles
of the imaginary part of the complex refractive index at pump
and signal wavelengths, respectively, are shown in Figs. 3 and
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Fig. 4. Radial profile of the imaginary part of the signal index against radius in
the core at different input pump power levels q (marked) by the present method
(P) and Rayleigh–Ritz method (R) of [4].

Fig. 5. Radial profile of the imaginary part of the pump index against radius in
the core at various input pump power levels q (marked) by the present method
(P).

4 (at m) for several pump power levels under
the small-signal approximation ( , which corre-
sponds to ). A comparison is also shown with results
in [4]. As the pump power increases, the population density
in the lower level decreases, and lower steady-state absorption
of pump power is obtained. Positive and negative values of
represent gain and loss. In Figs. 5 and 6, we show the exam-
ples for greater values for the imaginary part of the refractive
index. The doping concentration in the core is now increased to

m Yb . This demonstrates that our technique
is not only accurate for profiles in which the imaginary part of
refractive index is very small, but can also be used for refractive
index profiles with a much larger imaginary part.

A plot of signal gain for an input signal of 100 nW versus
wavelength as obtained using our method and is compared to
results in [5], for different values of input pump power. This is
shown in Fig. 7. As expected, these results are practically coin-
cident with the results of the more cumbersome Rayleigh–Ritz
calculations. The uneven gain wavelength response of the er-
bium-doped fiber is also readily recognizable. It is well known
that the gain flatness of an optical amplifier is very important
for DWDM optical systems and that there have been many at-

Fig. 6. Radial profile of the imaginary part of the signal index against radius
in the core at various input pump power levels q (marked) by the present method
(P).

Fig. 7. Signal gain against wavelength at different input pump power levels
(marked in mW) by the present method (P) and Rayleigh–Ritz method (R) of
[5] (core index = 1:46, cladding index = 1:4401).

tempts to design gain-flattened optical amplifiers for this reason.
Here we demonstrate that our method can be used in assisting
with investigations on how to make the gain higher and flatter
by modifying the optical fiber refractive index profile and the
radial erbium doping concentration in the core.

A. Gain by Varying Refractive Index Profile

Fig. 8 shows the signal gain of a parabolic refractive index
profile, but with uniform erbium doping concentration in the
core. Clearly the parabolic refractive index profile step erbium-
doped fiber cannot obtain the same gain as a step-index pro-
file fiber with the same erbium doping parameters; however, the
gain is flatter compared to the step index case (Fig. 7).

Fig. 9 is another example of signal gain for a doped fiber with
the segmented core refractive index, but doped uniformly in the
core (step). We observe that the value of the derived achieved
gain is similarly not as high as that obtained from a step-index
core (Fig. 7), but the overall gain curve is flatter. Fig. 10 shows
the effect of gain flattening with varying the inner core index dip
and for uniform core doping. We observe that the gain difference
increase is insignificant with increasing inner core index. Min-
imum gain ripple in this case occurs when the inner core index
is less than 1.4420.
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Fig. 8. Signal gain of a parabolic refractive index against wavelength at
different input pump power levels (marked in mW) for parabolic index
waveguide (core index = 1:46, cladding index = 1:4401).

Fig. 9. Signal gain of a segmented core refractive index against wavelength
at different input pump power levels (marked in mW) for the segmented core
refractive index waveguide (inner core index = 1:425, core index = 1:46,
cladding index = 1:4401).

Fig. 10. Gain difference (Diff gain = Maximum gain � Gain m)
against inner core index, derived from Fig. 9, at different input pump power
levels (marked in mW) for the segmented core refractive index waveguide
(core index = 1:46, cladding index = 1:4401).

B. Gain by Varying Radial Doping Concentration

The erbium amplifier gain is a function of pump power,
signal wavelength, fiber length, and erbium doping concen-
tration. Using our method, we next attempt to examine if we

Fig. 11. Doping concentration values changing with inverse field values of
different refractive index profiles fibers, used for results of Figs. 12–14.

Fig. 12. Signal gain of step-index fibers against wavelength at different input
pump power levels (marked in mW) using the dopant profile of Fig. 11.

have any improvements by experimenting with radially varying
the (normally constant) doping concentration for different
refractive index profiles. We expect this to result in an increase
in the gain of the fiber amplifier. We are changing the doping
concentration inversely proportional to the radial field power,
multiplied by the doping constant at , of m .
The corresponding radial doping profiles for the three different
refractive index profiles considered here are shown in Fig. 11.
All of the doping concentration values in the core are greater
than the constant doping of m , but nonuni-
formly. Using the doping profiles of Fig. 11, we obtain the
erbium amplifier gain profiles shown in Figs. 12–14. Fig. 12
shows the increased gain profile resulting for a step-index
refractive index. The maximum gain is increased significantly
while keeping the gain ripple nearly the same as the results in
Fig. 7. Similar conclusions are drawn from Figs. 13 and 14
for parabolic and segmented core fiber index profiles, doped
according to Fig. 11.

In contrast and in order to illustrate further the power of our
technique, let us now consider optical fiber radial attenuation.
The spectrum of optical power loss in an optical fiber is a com-
plicated function of absorption and scattering phenomena that
are introduced during the drawing of the fiber, either because of
impurities introduced during the drawing or because scattering
centers increase or decrease according to the level of dopant
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Fig. 13. Signal gain of a parabolic refractive index fibers against wavelength
at different input pump power levels (marked in mW) using the dopant profile
of Fig. 11.

Fig. 14. Signal gain of a segmented core refractive index fibers against
wavelength at different input pump power levels (marked in mW) using the
dopant profile of Fig. 11.

TABLE I
(� � 10 ) LOSS CENTERS ONLY IN THE CLADDING, STEP-INDEX

FIBER V = 2:5

used. We assume here for simplicity and for the purpose of com-
parison with results in [10] that only the cladding is lossy and the
imaginary part of the refractive index is constant in the cladding,
having the value . The fiber radial attenuation results
of our electric circuit resonance technique are given in Table I
for a step-index single-mode fiber having . The table
includes the results in [10] for comparison, and the agreement
with our technique is demonstrated.

To allow a comparison with the recently published perturba-
tion method [10], we assumed the following (unlikely) scenario,
but one that facilitates the comparison we wish. The real part of
the index is taken as a step function and we assume, therefore,
that the field distribution is that of a lossless step-index fiber.
However, the imaginary part of the index varies in the core ac-
cording to different profiles,as shown in Fig. 15. Using our tech-

Fig. 15. Loss profiles: exponential, quadratic, and parabolic.

TABLE II
(� � 10 ) LOSS CENTERS ONLY IN THE CORE, STEP-INDEX FIBER V = 2:5

nique and the imaginary index profiles of Fig. 15 for the dis-
tribution of absorption or scattering centers, the attenuation is
subsequently calculated. The results are given in Table II. The
step-index fiber was used simply to allow comparison with pub-
lished methods, but our method,as demonstrated from the tables,
is accurate and can be used for determining arbitrary loss distri-
butions and arbitrary fiber index profiles.

V. CONCLUSION

In this paper, a new, simple, and accurate numerical proce-
dure has been developed and demonstrated with practical ex-
amples to evaluate the exact propagation characteristics of an
optical fiber with an arbitrary complex refractive-index profile.
The method uses transmission-line principles and relies on the
modeling of a thin uniform concentric cylindrical layer of an
optical fiber to a transmission-line circuit. It may be especially
useful for designing and predicting high gain (or loss) in fibers
where the earlier reported approximate methods are less accu-
rate. Finally, we have shown its practical application in ampli-
fier design by manipulating the gain profile of typical 980-nm
pumped erbium-doped fibers and also for calculating the radial
attenuation of optical fibers.
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