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Abstract. This paper provides a discussion of the effects of different multi-level learning approaches on the
resulting out of sample forecast errors in the case of difficult real-world forecasting problems with large noise
terms in the training data, frequently occurring structural breaks and quickly changing environments. In order to
benefit from the advantages of learning on different aggregation levels and to reduce the risks of high noise
terms on low level predictions and overgeneralization on higher levels, various approaches of using information
at different levels are analysed in relation to their effects on the bias, variance and Bayes error components
proposed by James and Hastie. We provide an extension of this decomposition for the multi-level case. An
extensive analysis is also carried out answering the question of why the combination of predictions using
information learned at different levels constitutes a significantly better approach in comparison to using only the
predictions generated at one of the levels or other multi-level approaches. Additionally we argue why multi-
level combinations should be used in addition to thick modelling and the use of different function spaces.
Significant forecast improvements have been obtained when using the proposed multi-level combination
approaches.

Keywords: multi level forecasting, forecast combination, bias variance Bayes error decomposition,
revenue management
1. Introduction different point of sales (POS). This level of forecast-
ing, which we also call the fine/low level, is very

In this paper we discuss issues related to difficult real-
world forecasting problems that are characterised by
large noise terms in the training data, frequently
occurring structural breaks, and quickly changing
environments. We address applications that require
multiple predictions rather than a single prediction.
Each prediction represents the situation in a concrete
subspace of the given target space. We illustrate our
argumentation at a simple example of seasonal
demand predictions for airlines. These have to be
generated for different origin destination itinerary
pairs (ODI) as well as different fareclasses (F) and

detailed (the seasonal behaviour for a given ODI F
POS combination) and therefore characterised by
small numbers and very noisy data. Therefore ana-
lysts also need aggregates of the generated low level
forecasts for decision making. Modern Graphical
User Interfaces support this need. They offer the
functionality of a data and forecast fusion to different
higher levels, which represent in our example for
instance the ODI level or even higher levels like
country or market pairs as shown in Fig. 1.

Large noise components often lead to the decision
to learn structural information or causal effects based
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Figure I. View from the low and the high level.

on aggregates of the input data, in other words, to
carry out an input data fusion with the objective of
noise reduction. There is no obvious answer to the
question about the adequate level for learning.
Learning at different levels is related to different
types of risk. If the level is chosen too fine, relevant
structural information can often not be detected
properly. If on the other hand the chosen level is
too general, important characteristics related to
special parts in the target space may be ignored.
For our example this means that if we learn seasonal
factors for instance at the ODI level, we do not take
into account seasonal effects in special fareclasses or
point of sales properly. An overview of literature
related to learning at different levels and effects of
forecast aggregation is provided in [1].

In practice, the problem to find the ideal level of
learning is often resolved with trial and error
approaches. The choice is made only based on low
level forecast errors. But if analysts make relevant
decisions on the basis of a fusion of low level
forecasts to a higher level, the need of high quality
forecasts at higher levels should also be taken into
account for the choice of the level of learning
structural information.

In this paper we analyse effects of learning at two
levels on the resulting forecast errors measured at
these two levels. Choices that are purely made based
on forecast errors measured at the low level can be
unfavourable with regard to the quality of the
aggregated forecasts. We base our argumentations
on the error bias, variance and Bayes decomposition

proposed by James and Hastie [2]. We provide this
error decomposition for the multi-level case. This
enables us: (a) to analyse effects of aggregation of
forecasts generated with learning at the low level to
the error components at the high level, and (b) to
analyse effects of using forecasts generated with
learning at the high level to the error components at
the low level.

As we will see that learning at both levels works
well only in some cases, we also discuss the option
of using forecast combination in order to make an
automated choice or even to profit from knowledge
at both levels. Forecast combination approaches are
today a scientifically acknowledged procedures (for
overviews see [3, 4, or 5]). The positive effects of
forecast combination in many applications [6] have
been explained in relation to different aspects and
different decompositions of forecast errors and their
correlation. We provide the analysis of the error
components of combined multi-level forecasts at the
low as well as at the high level. The analysis is based
on the simplified version of the well known optimal
model [7], the optimal model with assumption of
independence [8], which takes into account the
problem of high estimation errors of the inverse
covariance matrix [9] and is purely based on past
error variances. We also discuss different cases of
data constellation and relation between the levels in
order to show that forecasts combination works very
well is cases where it represents an automatic choice
of the appropriate level as well as in cases where
knowledge of both levels is relevant for learning.



The paper is organised as follows:

In Section 1 we first introduce the used notation of
time series data and its fusion to higher levels, the
notation of forecasts with learning carried out at
different levels as well as its fusion to higher levels,
and the notation of forecast errors measured at different
levels. We also introduce the bias—variance—Bayes
error decomposition and discuss the behaviour of the
different error components in case of forecast aggre-
gation. Finally we describe an artificial example that
we will use in later sections in order to illustrate the
behaviour in different situations.

Then we study the effects of learning at different
levels in Section 2. We first analyse learning at the
low level and provide the bias—variance—Bayes
decomposition of the errors if these forecasts are
aggregated to the higher level. Then we discuss the
case of transferring information learned at the high
level to the low level and study the effects on the low
level error components. We compare the two
approaches and will see that both work well in some
cases and have problems in others. Additionally both
approaches suffer from a loss of information related
to the level which has not been taken into account.
This provides a motivation for the discussion of an
alternative option of how to incorporate information
measured at both levels, the approach of forecast
combination. We finally provide a representation for
the decomposed error measured at the low as well as
aggregated to the high level for this approach.

Section 3 contains a detailed discussion about what
happens to the error components in different concrete
situations illustrated at our artificial example. We will
see that the approach of forecast combination allows
not only to make an intelligent automatic choice of the
superior level, if it exists, but also to generate
predictions that are more stable in terms of the quality
of aggregates to higher levels and in case of changing
environments.

In Section 4 we provide a summary of the findings
and mention significant forecast improvements for a
real-world application.

2. Problem Description and Notation
2.1. Notation of Multi-Level Time Series
We discuss causal models representing relationships

between time series x; € R" and y, € R, with ¢
representing a time index. We further assume that x;
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can be measured, that we have random noise in y;
and that an “ideal” functional relationship f exists in
order to approximate y, based on x;. We can represent
the functional relationship between input vector x, €
R" and y, € R by the function f and a random noise
term e:

)’z:f(xt) + €y, (1>

with f the “true model” and e Gaussian with €, ~
N(O,éfy) an independent residual component. The
vector x may also contain past values or predictions
of y as described in the model in [5]. In order to
increase readability we will remove the parameter ¢
in all following equations.

Let’s now assume that we do not have to predict a
single time series but a whole set representing
different subspaces of a target space. We will use
the index i in order to indicate any given subspace
(the fine/low level) for which we have to generate
predictions:

yi = filx) + - )

Let further index / indicate values or measure-
ments concerning a high level view.

2.2. The Relation Between y; and y;

It is assumed that a linear unification operator | J over
the subspaces i is defined in order to represent the
aggregation from the low-level subspaces i to the
higher level /. The fusion operator' carries out a
weighted sum

-~ YR
Z] = UZ,' = ﬂ (3)

over any data z; measured at the different low levels
(which could e.g. be fi(x) or y;). The parameters )\; €
‘R are indicators for the relevance or size of subspace
i as part of /.

Let’s assume we have given impact parameters \;.
Then we get a high level representation of y
following Eq. (3) with y; = Jy; (high level targets
are aggregates of the low level targets). As the noise
component at the low level is white noise, this
component is also aggregated to noise at the high
level as ey = U €y,; which leads to a predictable
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relationship f7(x) = f;(x) fulfilling the high level
relation similar to Eq. (1)

=6 +er =y =Urx+UJe @

Let’s now analyse the differences between fj(x)
and f;(x) as these are very relevant if high level
information is to be used for low level forecasting.
We can expect that big differences between f; and f;
would lead to big errors at the low level if we replace
estimates of f; by estimates of f;. We define ¢4 as

& = fi(x) = fi(x). (5)

Combining Egs. (3), (4) and (5) it follows from

=@ +Uei=J0lw® —e) +Jen
:f[(x) 7U€ﬂ+€y1 (6)

that €4 has the nice characteristics of reducing to 0 if
aggregated at the high level:

Uéﬁ =0. (7)

2.3. Predicting y;

A predefined class of functions 4 : R" x ® — R is used
in order to approximate the relationship between x and y.
We first define the function space comparable to the
definition given in [10]:

Definition (Function Space)

Let x, € R" be a time series and 4 : R" X ® — R be
a function with input x, and let it depend on the
parameters ¢ € ® C R"™, then the function space of A
is the linear space H consisting of all possible functions
h(; ¢) obtained by varying ¢ in the domain ®.

We further assume that a best estimation of
parameters ¢; exists in order to approximate f; by

h(; ¢:)
fi(x) = h(x, ¢:) (8)

and that the underlying distance norm is linear in a
manner that for any two functions fi(x) : R" — R

and f>(x) : R" — R with h(; ¢1) representing the best
approximation for fij(x) and #k(;¢,) the best
approximation for f>(x), the best approximation for
>\1f1 (X) + )\zfz(x) is giVGIl by /\lh(x, le) + )\zh(x, ¢2)
for any A;, Ay € R.

2.4. The Bias-Variance-Bayes Error
Decomposition

Let ¢; represent the error which will be generated in

predicting y; based on h(x,¢) (out of sample
predictions):

~

ei=yi—yi =vyi—h(x,¢)
=fi(x) = h(x, &) + i (9)

Let’s assume that we have found an estimator
h(x,¢;) which generates predictions without a
systematic error so that (e¢;) can be represented as
Gaussian with ¢; ~ N(0, 6%).

Then the total error variance term &2 can be
decomposed into different components. While dif-
ferent error decompositions can be found in [11] and
[10], we will refer here to the decomposition of
James and Hastie [2]:

631’ = (fhi + 63@1‘ +6; (10)

eyi®

The first error component €;; with variance 531“» is
called the bias. This error component is based on the
fact that the class of functions /(x; ) may not include
the function f;(x). As we have assumed that an ideal
parameter set ¢ exists in order to estimate f;(x) based
on h(x; ¢), the bias term of the error is defined by
en = fi(x) — h(x, ¢). The second term €, of the error
with variance 6f¢i is the error variance component.
This term is based on the fact that the parameters ¢
can not be estimated perfectly because of noise in the
training data, limited number of training samples etc.
The variance term of the error is defined by €y
h(x,¢) — h(x,¢). The third term €, represents the
irreducible Bayes error component in y; which can be
reduced only if more information becomes available
in x.

While the third part of the error can not be reduced
without including additional information (as it
represents a random deviation which is not covered



by f) the bias and variance term can be substantially
influenced by the complexity of the function A(x; ).
So for instance, in case of artificial neural networks
(ANNGs) used as our function A(x; ) it depends on the
choice of the architecture of an ANN or the
algorithm of how to determine the parameter vector
¢ based on the training data. If the function space of
h(x;) is very complex, we can assume that it is able
to cover f(x) very well so that we have a small bias
term. But it is also difficult to estimate a complex
parameter set, we have a high risk of overfitting and
a large variance term. If on the other hand we use a
simple class of functions %(x;) with a low dimen-
sionality of the parameter vector ¢, we will be able to
estimate the parameters well based on the training
data and so have a low variance term, but we will
have difficulty to cover the complexity of f(x) by
h(x;) so that we have an increased bias term. For
additional references and a detailed discussion of
these topics see [11, 10] or [2]. The problem to find a
good trade-off between error bias and variance is
called the bias—variance dilemma. Different alter-
natives have been proposed in order to determine a
good trade-off between bias and variance while
learning the parameters in A(;¢) or choosing
function classes A(; ) with an appropriate quality.

Let’s also assume that we have a training set
(x,y)7 of historical data given and that we use it in
order to estimate the parameter vector ¢; by ¢; so that
h(x,¢;) represents our best estimation for the
relationship between x and y;. If we have to produce
predictions at a very fine level we risk extremely
large residual terms ¢,;. Let’s therefore assume that
we have only a small set of highly disturbed training
data available. The reason for this small training set
(x,¥)7 can for instance be based on the fact that we
have a quickly changing environment where only
few historical data is representative for the current
situation. If the function f (x) is complex it is possible
that even parameters related to functions %(x;) that
are clearly less complex compared to f(x) can not be
estimated properly. If we want to approximate f(x)
based on such a training set we have only two
choices. The first option is to estimate f(x) based on
structurally very poor functions 4(x;) and take a
large bias term into account. The second option is to
choose a little bit more complex function /(x; ) and
risk a bias term which is a little bit lower together
with a variance term which can get so big that the
resulting function is completely unstable.
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2.5. Properties of the Error Components
in Relation to Forecast Aggregation

Of course the main objective is to achieve good
predictions at the level of forecasting, i.e. the low
level, which means a minimisation of 6?,.. However, as
in a lot of applications the generated forecasts are
(also) used on an aggregated level, it is also worth to
analyse the error 6§U. If we can find a good trade-off
between the errors at different subspaces which
generate more stable predictions meaning lower errors
at the high level, this is certainly advantageous.

Different components of the error are related to
different stability if they are aggregated. The
stability depends on the correlation of an error
component between different subspaces. If an error
component is positively correlated between subspa-
ces, we have to expect an error accumulation effect.
If on the other hand we have no or even a negative
error correlation, these errors will compensate each
other well.

The error variance component is a critical compo-
nent for aggregation. The values y; are often very
noisy and the noise is often highly correlated
between the different subspaces. Similar deviations
in the target values of the training set contain the risk
of generating highly correlated residuals €, . It is
therefore possible that the correlated residuals in the
training set lead also to unstable (large) and highly
positively correlated terms 53@1‘ and therefore to very
big terms 6z¢>u~

The situation is different for the bias term.
Because of the linearity that we have assumed for
the distance norm we also know that

Un(x, ¢) = h(x, é1) (11)
is true. It follows that

Ueh,- = €p/ (12)

because of f;(x) = |Jfi(x), Uh(x, ¢:) = h(x,¢;) and
the definition of the bias term at both levels: f;(x) =
h(x,¢:) + en and fi(x) = h(x, ¢1) + €5 . This means
that all kinds of low level problems in case of more
complex functions f;(x) at the low level compared to
f1(x) compensate each other during the aggregation. If
on the other hand f;(x) is more complex in com-
parison to the different subspaces f;(x), this means
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Table 1.  Characteristics of example data.

Level Ai filx) 8
i1 0.6 sin((x — 12)/(9)) 0.8
i 0.2 —sin((x —12)/(9)) 2

i3 0.2 sin((x — 12)/(9)) 2

1 - 0.6sin((x — 12)/(9)) 0.64

that we have correlations between the subspaces f;(x)
which are not extremely big. In this case we have only
few compensation effects of the error bias component
during the aggregation, but probably lower bias values
67, because of the lower complexity of f;(x).

2.6. An Artificial Example

In O&D Revenue Management Systems [12, 13]
seasonal predictions have to be carried out at a very
fine level where the behaviour changes very quickly
so that it is not possible to take a large number of
historical data into account. Predictions have to be
generated not only for different flights or origin-
destination-itinerary pairs (the so called ODIs), but
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also separately for different fareclasses (F) represent-
ing different prices and booking restrictions as well
as different point of sales (POS). Let’s assume we
have to model a seasonal dependency of the booking
behaviour on the calendar week in terms of seasonal
factors.” This means that in our example 7 represents
a weekly time index, the variable x; represents the
corresponding calendar week x; € [1, 53] b, the num-
ber of bookings achieved in week ¢, f(x) a seasonal
factor representing

fl) =208y (13)

as the deviation between bookings expected in the
given calendar week and the total booking expecta-
tion and y, the achieved deviation

-~ (14)

As the “true relationship” f(x) is not known we
introduce artificial ones in order to be able to illustrate
certain behaviour of different error components. We

a4,
2

4 . *+ *

-2 4 L *

2 * . PO +
4 -

B e

1 68 91317 21 25 29 33 37 41 45 49 83

H

£ T

1 5 91317 21 25 29 33 37 41 45 49 53
A

Figure 2.

yU- +. N
+

4 4
24 . ., o+
LIPE RSO0 *, +
LI NS & 3F<> satt "t o 4
+ oy
v DA ‘.
2.
4

B T

16 9 1317 21 25 29 33 37 41 45 49 &3

:

+ Yo o,
* .8

-

Artificial data generated for subspaces i; to i3 and aggregated to the high level /.



Table 2.  Error components of the forecast results.
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level learning 8% 62 a2 comb g2 82, s comb 2 w;

i 1 0.00 0.45 0.33 0.33 1.25 1.13 1.13 0.42
iy 1 0.00 0.88 1.59 0.72 2.88 3.59 2.72 0.64
i3 1 0.00 1.13 0.33 0.33 3.13 2.33 2.33 0.23
1 1 0.00 0.28 0.28 0.28 0.92 0.92 0.92 -

iy 2 0.06 0.04 0.05 0.04 0.90 0.91 0.90 0.54
iy 2 0.06 0.05 1.09 0.09 2.11 3.15 2.15 0.91
i3 2 0.06 0.07 0.05 0.05 2.13 2.11 2.11 0.46
1 2 0.02 0.02 0.01 0.01 0.68 0.66 0.66 -

use three subspaces i; to i3 and assume seasonal
dependencies f;; (x) to f;3(x) and noise as described in
Table 1. Figure 2 shows the assumed functions f;(x)
at the different levels together with the noisy training
target values assumed for two years of training data.

Two different methods of determining/learning the
parameters are used. They are both based on a
function A(x, ¢)

h(x, §) = éx (15)

with a parameter vector ¢ € R* describing the
behaviour in an isolated manner for each calendar
week. Because of restrictions to the possibly learned
parameter sets they describe differently complex
function spaces at the ODIFPOS level. R
The first learning approach generating h(x,' @)
represents a very complex function space. Each
parameter is only restricted to the low limit of —1
which is determined by the application (a seasonal
reduction of demand of more than 100% is not
possible). The parameters '¢; to '¢s3 are learned
based on historical data using the best in sample
estimation corresponding to the MSE error minimi-
sation criterion that leads to a simple average of the
data related to the corresponding calendar week

~ 1
1¢x:§ Z Yt (16)

t with x,=x

The second learning approach reduces the function
space by two kinds of restrictions—limits to the
generated seasonal factors as well as possible differ-
ences between neighboured seasonal factors reached
by smoothing the data. For the detection of each

seasonal factor neighboured values are taken into
account. Additionally a lower and an upper limit of
—0.5 and 0.6 for the expected seasonal deviation are
used for stabilisation purposes in order to avoid for
instance a zero season assumption in case of no
historical bookings measured at the ODIFPOS level
for a given calendar week.

26, = min(max(% Z (17)

t with x;=x

[yi—2 + Y1 + yi + yes1 + Yig2], —0.5),0.6).

The artificial example allows us to have a separate
look at the different error components. Table 2
shows the results of different error components
generated with learning method 1 and 2 as described
in Eqgs. (16) and (17). The high level I contains the
corresponding errors of the aggregated predictions.
The bias, variance and total error of the pure low
level predictions (and corresponding aggregates to
the higher level) can be seen for the different
subspaces and the two learning methods in columns
3,4 and 7. It can be clearly seen that learning method
2 generates better results, even if it contains a bias
component bigger than zero. Learning method 1 is
less stable and contains much bigger parts in the
variance component. We will discuss the other
columns in later sections.

The bias component generated with learning
method 2 can be seen in Fig. 3 at the example of
subspace i1 together with the function f;1 (x) and the
prediction (with deviation from f because of bias
plus variance error terms). The bias contains restric-
tions in the case of very strong seasonal effects
because of the used limits of [—0.5,0.6] as well as
minimal deviations because of the smoothing.
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2.7. Effects of Learning at Different Levels
on the Error Components

We will now analyse effects of learning at the
different levels on the error components. The
analysis is not only focused on the low level results,
we are also interested in generating high quality
forecasts at the high level. This can be achieved by
learning directly at the high level or by aggregating
low level predictions.

2.8. Learning h at the Low Level

Corresponding to Eq. (10) the error achieved if we
learn at the low level can be decomposed into 53:‘ =
Seni + 021 + 82y

Let’s now consider the aggregated pure low level
predictions

o =Us =Untx &) (18)

The aggregation leads to errors at the high level of

i =3u =y — | Jh(x.é)
=y = JOi = ni — esi — )
=Y — (in — U(Em + 64»‘) - U Gyi)

=€y + U €pi T €yI- (19)

As the bias—variance—Bayes decomposition holds for the
high level and we have already identified €;; as elements
of the error bias component and €, as the Bayes we
know that the elements |Je, represent the error
variance component and are so independent of the
other parts of the error. We get total error variances

2 2 2
6eu = 6611’ + 6

epU

+ &2 (20)

eyl*

2.9. Learning h at the High Level

The alternative is to learn at the high level and to use
the learned parameters for low level forecasts: */y; =

h(xv ¢1)

We will now analyse the composition of the
resulting low level error. Combining Egs. (2), (5)
and (10) we get

— h(x, )

=fi(x) — & + & — h(x, ¢1)

=fi(x) — & + & — (fi(x) — e — €g1)

= —¢€i + €+ €91 1€y (21)

Yei = yi = 3 = fi(x) + €y

We know that ¢ and €4 are independent and that €,
is pure random noise. In this case we can represent
the error as

‘9152 = [tfﬁ + 2Cov(en, €) + 2Cov(ey, €5)]
+ 8%+ 53@1 + 6zyi' (22)

Let us now relate the above to the bias—variance—Bayes
decomposition.

The series €5 can again be decomposed in relation
to the best approximation /(x; ¢) € H:

& = h(x; i) + €gin (23)
and it follows that

o, = —h(x; b)) — €fin + € + €p1 + €y (24)

15
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Figure 3. Function f; (x) together with the optimal and the generated prediction h(x,? @)



The elements €5, and ¢, belong to the bias term.
Because of the linearity assumption of the approxi-
mation we know that

6ehz 6eﬁh + 66/71 (25)
We can therefore represent the error also as
o = 0%+ [53¢1 + 626_)"1‘
+ 2Cov(epr, h(x; )] + (fyi (26)

where 67, belongs to the bias component, */67; =
6% + 5,,6)‘[ + 2Cov(eg, h(x; de) to the variance com-
ponent and 62 to the residuals.

We see that learmng at the high level outperforms

the learning at the low level if
8ot + Ohes + 2Cov(€or, h(xs de) < 82 (27)

It strongly depends on the variance of ¢; if this
relation is true, we will discuss that in more detail for
different cases in the next section. While in some
cases clear tendencies can be detected, the question
is what level to choose for learning if the error
variances are about the same:

8251+ Gy + 2Cov(egr, h(x; ¢p) ~ 62, (28)

As this decision has no relevant impact on the
measured low level forecast quality, the decision
should be made in relation to the high level quality
as well as stability assumptions in case of changing
environments.

Because of

s = Unted

we know that | J?y; = y;. We profit from Eq. (7)
with

= h(x, ) (29)

J(=h(x o) —

This indicates that in opposition to pure low level
predictions we have an effect of error elimination of
a part of the error variance component if the errors
are aggregated to the high level. This can also have a
stabilising effect in case of a changing environment

Gﬁh) = O (30)
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in the case when the situation does not change at the
high level, i.e. shifts between the different subspaces.
That’s why we should always choose the higher level
in these cases.

2.10. Using Forecast Combination

As we have already mentioned, the objective is to
make choices concerning the level(s) for learning
which manipulate the resulting errors concerning
their correlation in a controlled manner. We have
already seen that the choice of both levels for
learning works well for some cases and not so well
for others. The decision for one of the two
approaches is difficult because the decision criterion
should not depend on the pure error values at the low
level. These do not take into account error variance
correlations and stability effects in case of a
changing environment. If we can manipulate the
correlations of error variances in a manner that this is
advantageous for the aggregation this should be
taken into account for the choice of the level. On
the other hand we want predictions at the fine level
which do not only have a small error, but do also
sufficiently clearly show special characteristics (fea-
tures) of a given subspace if this is possible. If the
data is very noisy additionally the errors can not be
detected properly and, as the true function is not
known, a decomposition of the error is not possible.

That’s why an automated process is needed in
order to make a qualified choice. Additionally it is
advantageous to take not only one level into account,
but to use the information present at both levels in
order to generate good predictions. We need a
flexible decision strategy in order to generate errors
at the low level which are better or at least not much
worse compared to the best choice of learning at the
low or the high level, and at the same time to profit
from similarities between the subspaces and levels in
order to generate lower high level error variance
terms. The decision process should be an automatic
process which does not need to know details related
to error decompositions.

Forecast combination techniques can be used in
order to build complex functional approaches based
on less complex ones in realising a reduction of the
error bias component [4]. It can also be used in order
to decrease the error variance component in follow-
ing a thick modelling approach related to the setting
of certain parameter values or to preprocessing [14,
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15]. A similar situation compared to these tasks can
be expected related to the choice of the forecast
level. Each forecast level contains information based
on which functional relationships, ideal parameter
settings etc. can be determined, but it is likely that
none of the models is optimal since it is not taking
into account all the available information. Low level
forecasts potentially miss general structure informa-
tion. High level forecasts do not take into account the
special characteristics related to the concrete part of
the target space, or the representation of these
characteristics is contained in the forecast model in a
completely different manner than having built the
model directly on the finer level. That’s why it makes
sense to study the approach of forecast combination as
an option in order to incorporate the knowledge at the
different levels and to analyse the effects on different
error components at different levels.

2.11. Impacts of Forecast Combination on Low
Level Forecasts

Using linear forecast combination on forecasts
generated at the low and at the high level generates
combined forecasts

$i = wih(x, &) + (1 —wi)h(x,ér)  (31)

and errors

ei = wih(x, &) + (1= wi)h(x, ;) — y;
= wi(h(x, i) = y1) + (1 = wy) (h(x, é1) — i)
= wileni + €41) + (1 — wi) (=h(x, dei) — €in
+ enr + €s1) + €y
= i + [wiegi + (1= wi)(—h(x, dei) (32)
+ €o1)] + €

Under the assumption of independence this leads to

62y ~ 8o+ Wik + (L= wi) (62, + S

i Yedi

+ 2Cov(egr, h(x; b)) + 62y

(33)

More realistically we have to expect covariances
between the different error variance components.

The difference between pure low level and pure high
level forecasts is determined by the error variance
component which can be approximated by

, 2
wmb&?@' ~ WS+ (1 —wy) (552¢1 + 5ieﬁ

+ 2Cov(egr, h(x; defi)).- (34)

We will discuss what this means for different
cases in Section 4. We will see that the weights are
determined in a manner that for cases where the
results generated at one level clearly outperform the
other, the combination represents an automated
choice of that level. For cases where both levels
contain relevant information, the fusion process can
even outperform the quality achieved at both levels.

This can be seen at our artificial example in
comparing columns 3, 4 and 5 of Table 2. For
subspaces iy and i3 the error variance of the
combined forecast is very close to the best single
level results. For subspace i3 we can even outperform
the results achieved at the low and the high level.

2.12. Impacts of Forecast Combination
on Aggregated Low Level Forecasts

Forecast combination can be beneficial in order to
increase the forecast quality at the low level. But the
potential is still bigger if the forecasts are aggregated
to the higher level as we show now in comparing
combined aggregates with pure low level aggregates.

If we look at the aggregate of the combined
predictions we get

=" 50 =y = JOwih(x,60) + (1 = wi)h(x, ér))
=y — U(fhf + [wiegi + (1 = wi)(—h(x, o) + €o1)] + €0)
= e + [ Jwieoi + (1= wi)(=h(x, de) + €1)] + €
= e + Jbwies] + JI(1 = wi)ew]
=IO = wi)h(x, ¢e)] + 1.
(3%5)
We know that ¢, represents with 62, the bias
component, ¢, is the Bayes, so it is clear that

e = Jwiea] + I = wiea] = I = wih(x, ¢g)]
(36)



represents the variance error component (with variance
comb 62 )
28l .
We can now write the error as

comb¢2 _ 2 comb ¢2
by = g+ by,

+ 682 (37)

Comparing the resulting error with the aggregated
pure low level errors given in Eq. (20) and the high
level learning error at the high level we have to again
compare only the error variance terms ""”’béfqbu, 82,
and 63(/5,. ‘

Let’s now have a look what happens to the
different parts of Eq. (36) during the aggregation.
Compensation effects depend on the correlation of
the elements at the different subspaces.

The first part is an aggregate of the weighted low
level variance term €,. As the low level parameter
learning instabilities tend to be positively correlated,
the component 6?¢U can get very big and generate
instabilities at the high level. This can only happen
in the aggregation of the weighted elements if we
have cases of big weights together with high terms
€4i - Compared to the pure low level forecast the
forecast combination represents a reduction of this
component which is especially important and posi-
tive if we have big terms eg;.

The second part of Eq. (36) is an aggregate of
weighted elements |J[(1 — w;)eg]. Because of

U[(l — Wi)€s] = €41 U(l —w;) (38)

this part is stable and small in case of big weights
(the interesting case containing potential stability
problems) and small values of €4 in comparison to
€4i- In case of using only small weights this means
that we generate predictions which are similar to the
pure high level predictions.

The third part — (J[(1 — w;)h(x, ¢e)] is determined
by the function % (x, ¢.;). Because | h(x, i) = 0 we
can expect that the different elements of /1(x, ¢.;) tend
to be negatively correlated. It also follows

=l = wi)h(x, de)] = | Jbwil(x, 90)] - (39)

which means that we only achieve big values in cases
where /(x, ¢) is relevant and w; is big.

Comparing columns 3, 4 and 5 of Table 2 for the
high level aggregate I show these positive effects of
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the negative correlations for our artificial example.
We can see that using forecast combination leads not
only to better low level predictions, the aggregated
combined predictions outperform the aggregated
pure low level predictions and have the same quality
as the forecasts generated directly at the high level.

We will now compare the effects of the different
approaches in more detail for different cases in order
to be able to make more specific statements about the
expected forecast quality.

3. Discussion of Different Cases

3.1. Casel (his Too Complex to be Learned
Properly Even at the High Level I)

In this case we will have a big bias term 634),. The
situation will probably be even worse at the low level.
In any case the generated predictions will have a bad
quality, but all of the other options discussed before
will also have problems to reduce the error variance
term. This case does not correspond to the general
idea of including higher level information where the
situation is more stable, we should use less complex
functions /4 or include information generated at a
higher level where the situation is more stable.

3.2. Case2 (h is Not Complex Enough)

Geman et al. [11] argue that if we have relevant bias
problems, meaning high terms 6%; and 6%, in our
predictions, it is not possible to solve these problems
properly without including other functions in order
to approximate f'. Nevertheless it can be that even
with a very simple function 7 we get variance
problems 524)1‘ if the training set in i is limited in
sample size and characterised by high noise terms. If
we get this problem we can reduce at least this part
of the forecast error with the forecast combination
approach.

But if we also want to reduce the bias term we
have no other choice than to increase the complexity
in h, which is dangerous because of the potential
variance problems or to include other functions /4 that
add additional information. If we also include
predictions generated with ~ into the combination
process, we have a chance to generate more complex
functions during the fusion process and by doing so
reducing the bias term.
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Figure 4. Predictions for subspace i; generated with A(x,! ¢;).
3.3. Case3 (i is Representative for I)

This case means that the subspace i has a large impact
Ai in I Tt follows that &, ~ &2, 67, ~ &2, and &
small in comparison to the other error components.
The errors between the low and the high level
forecasts are highly correlated and have similar size
so that we will probably achieve weights near 0.5.

In this situation the best approach would be to
determine the model at the low level, but choosing
the high level does not make a big difference. We
will not achieve any improvements using forecast
combination compared to pure low level or pure high
level predictions.

This case is represented in our example at subspace iy
Figure 4 shows clearly that the predictions generated
by learning at the low and the high level are strongly
correlated. We have achieved combination weights of
0.42 for learning method 1 and 0.54 for learning
method 2. The error of the combined prediction is in
both cases very close to the best choice.

3.4. Case4 (Stable Situation in i , But Clear Special
Characteristics in i)

In this case we can assume small components 6%,

&z, with &7 significant. Following the strategy of

forecast combination we will achieve a big weight w;

1 4 7 1013 16 19 22 25 28 31 34 37 40 43 46 49 52

because of the high error component 6€2ﬁ in the high
level predictions (see Eq. (22). This means that the
fact, that the low level predictions should be used,
can be represented by the weights very well. Also in
this case it is not necessary to include higher level
knowledge, but taking into account the higher level
predictions with a small weight nevertheless can
have a stabilizing effect at the higher level. As 524‘»1’
and 6f¢, are small and the error variance term as
described in Eq. (34) is therefore strongly influenced
by 5§Eﬁ we will have no problems during the
aggregation (as argued in Section 3.5).

An example for this case exists in subspace iy of our
example if learned with method 2 (Fig. 5). The low
level forecast has been chosen with combination
weight 0.91.

3.5. CaseS (his Too Complex to be Learned
Properly in i with 6fﬂ small) }

In this case we have very noisy training sets with only
few training data available in i. Learning only in i will
lead to overfitting and big variance terms 53(/)1». At the
high level we have small values in all components of
the error terms assuming that 5?]"1’ is small.

In this case the high level predictions will provide
good predictions. This can also be well represented
by forecast combination weights. We will achieve a

—f{x)

i |
fc low level
fc high level

——fc comb

X
Figure 5. Predictions for subspace iy generated with A(x,? ¢;).
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Figure 6. Predictions for subspace i3 generated with A(x,! ¢;3).

small weight w; and therefore no instabilities during
aggregation. Forecast combination will not lead to
improvements compared to the optimal choice of
using only the high level predictions, but it can make
this choice for us automatically.

This case is present in our example at subspace is.
At this subspace the function fi3(x) is very close to
f1(x). Figure 6 shows that the high level predictions
outperform the low level predictions. This is
reflected in the combination weights of 0.22 and
0.45. The combined results even outperform slightly
the high level predictions.

The higher weight in the case of the second
learning method is due to a large bias error term in
comparison to the error variance term. This can be
seen very well in Fig. 7.

3.6. Case 6 (his Too Complex to be Learned
Properly in i with 6%; relevant)}

This case represents the practically most relevant and
also most interesting case. It means that 53@ is big
and we have also a big error term 6,214,-. Both
predictions, pure low level and pure high level
predictions will not be very good, but there is a
chance that the errors are not strongly correlated.
Forecast combination finds for us the best tradeoff
between these two problems. We get an improve-

1 4 7 1013 16 19 22 25 28 31 34 37 40 43 46 49 52

ment at the low level if the expectation of a low
correlation between &7, and &, is true. But even if
at the low level the improvement is not very big
compared to the use of pure low or high level
predictions, the use of forecast combination can be
advantageous. Let’s assume we would only choose
the predictions generated at only one level.

If we would choose the pure low level predictions,
we would generate error variance components 652@‘
which could cause problems during the aggregation.
We would also risk instabilities in case of changing
environments. In exchanging parts of 67, by 6; ; with
forecast combination we would have an increased ag-
gregation stability (which we discussed in Section 3.5)
as well as a higher stability if the situation changes. If
on the other hand we would choose the high level
predictions, we would generate predictions which do
not represent the special characteristics in the subspace
i at all which is not good for analysts or other systems
which work with the generated predictions.

The situation in subspace is learned with method 1
in our example represents that case. The differences
in the error variance term of the low and the high
level learning can be clearly seen in Fig. 8. While the
function learned at the low level has very high
random deviations from the true function based on
the noisy target data, the function learned at the high
level is much smoother but has a completely

B e
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%
Figure 7. Predictions for subspace i3 generated with /(x,> ¢;3).
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Figure 8. Predictions for subspace i generated with A(x,! ¢p2).

different trend. It can also be seen that the combined
forecast represents a good tradeoff between the two
which on one hand has reduced noise and on the
other hand approximates better the low level func-
tion fi2(x) than the function learned at the high level.

3.7. The Proposed Approach—Conclusions

As it could be seen from the previous subsections
using the approach of generating multi-level fore-
casts and combining them seems advantageous in
comparison to using pure low or high level learning.
In most cases we will achieve an improved result at
the low level. In cases where the low level forecast
quality can only be slightly improved as compared to
the best chosen individual low or high level forecast
evaluated at the low level, the forecast combination
process represents an automatic decision which level
to choose. Additionally, in many cases we can also
reach a modification in the correlation between error
variance terms in a manner that the aggregate of low
level forecasts gets a higher quality, which is
especially important in systems where forecasts are
generally aggregated in order to support decision
making processes.

This can be seen by analysing the different parts in
Eq. (36). We have already argued that the first
component is an unstable component with elements
which tend to be positively correlated. We have also
mentioned that in the aggregation of the weighted
elements instabilities can only happen if we have
cases of large weights together with high terms €.
The discussion of the different cases showed that this
situation does not occur. In all cases where the
elements €y are big in comparison to €4 we do not
get big combination weights w;. We have shown that

the only cases where we do not get a small weight
are the cases 3 and 6 with weights around 0.5.

While the second part of the equation is stable in
any case, the third part can again contain big values in
cases where %(x, ¢.;) is relevant and w; is big. Again
we have only the cases 3 and 6 where this can happen.
We have seen that in case 3 it simply does not matter
which level to choose because the low and high level
are comparable and highly correlated. In case 6 we
have high elements €, as well as big terms (X, dep).
The replacement of parts of the pure low level forecast
error variance terms &7, into (J[w;A(x, ¢g;)] is advan-
tageous because of the negative correlation of the
elements in |J[w;h(x, pei)]-

Summarising we can say that in all cases where
h(;) is appropriate at the low or the high level (cases
3 to 6) forecast combination will generate very good
results at the low as well as at the high level in
comparison to pure low or high level predictions. In
cases 4 and 5 forecast combination represents an
automated choice of the right level. In case 6 we can
even expect that the combined forecast outperforms
the pure low or high level forecasts assuming the
objective of generating good predictions for both
levels. The most problematic cases are the cases 1 and
2 where A(;) in structurally too poor or too complex
for both of the levels. In these difficult cases we
propose to follow the approach of “thick modelling”
and the approach of using different function spaces in
addition to multi-level combination.

4. Summary

The purpose of this paper is a theoretical analysis of the
effects of multi-level forecast combination on different



error components described within the extended bias—
variance—Bayes decomposition framework in compar-
ison with the choice of a single level. We have
proposed the extension of the bias—variance—Bayes
decomposition to the multi-level case, analysed the
effects of using multi-level information on different
error components and seen that forecast combination is
the best choice in comparison to the other alternatives.
The proposed approach represents a completely auto-
matic procedure that takes advantage of changes in the
error components which are not only advantageous at
the low level, but have also a stabilizing effect on
aggregates of low level forecasts to the higher level
because of changes in the correlations between the
error variance components at different subspaces. We
have also argued why multi-level forecast combination
should ideally be connected with the use of different
function spaces and/or thick modelling related to
certain parameter values or preprocessing procedures.
The effects of this analysis have been extensively
illustrated using an artificial example that is motivated
by a difficult real-world forecasting problem.

Beside the theoretical analysis we have also
carried out a large number of experiments [16, 17]
related to the application of revenue management
seasonal forecasting. However, as the application is
quite complex [18, 19], a detailed description of the
experiments will be the subject of another publica-
tion. Nevertheless we would like to mention here
that up to $12% error reduction has been achieved in
comparison to the current optimised and tuned
forecasting system of a major European carrier by
using the proposed multi-level combination approach
together with the different function spaces. To put
this in a business context, it has to be mentioned that
within this application the achieved results represent
a very significant improvement bearing in mind that
2 — 4% of expected additional revenue is generated
by airlines per 10% of reduced forecast error. As this
means a lot of money, the current forecasting system
is already quite well optimised and tuned and wins
most of the benchmark competitions in these areas,
so that these forecasts are not easy to beat.

Notes

1. We have used this unification operator because it is a very
common one. There is no restriction to this special unification
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operator in the further analysis. Any other linear unification
operator could be used as well.

2. Of course there are other (seasonal) impacts like e.g. day of week
dependencies. We will restrict our argumentation to dependen-
cies on the calendar week and assume no other known impacts to
the booking behaviour in order to keep the example simple.
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