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Abstract. In this paper we combine two points made in two previous papers on negative correlation learning

(NC) by different authors, which have theoretical implications for the optimal setting of l, a parameter of the

method whose correct choice is critical for stability and good performance. An expression for the optimal l is

derived whose value l* depends only on the number of classifiers in the ensemble. This result arises from the

form of the ambiguity decomposition of the ensemble error, and the close links between this and the error

function used in NC. By analyzing the dynamics of the outputs we find dramatically different behavior for l<l*,

l=l* and l>l*, providing further motivation for our choice of l and theoretical explanations for some empirical

observations in other papers on NC. These results will be illustrated using well known synthetic and medical

datasets.
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1. Introduction

Combining classifiers has proved successful in

reducing generalization error in both the classifica-

tion and prediction domains. It works best when

diverse classifiers are combined [17], therefore the

goal of many methods has been de-correlation of the

individual outputs. Other methods such as boosting

[5] concentrate on actively reducing the training

error, as opposed to de-correlation as such, although

the resulting ensemble may still be highly de-

correlated. Popular examples of the first are input

decimation [16], random forests [2], and bagging [1]

to name but a few. In these algorithms, a diversifi-

cation method is put in place and classifiers are

trained entirely independently of one another, so to a

certain extent we rely on chance to provide comple-

mentary classifiers. Other methods generate classi-

fiers sequentially [5, 12], and the current classifier is

actively designed to complement the previous ones.

Negative correlation learning is an error de-correlation

method which instead generates predictors in parallel;

all members of the ensemble are actively designed to

be complementary to each other. This is quite an

attractive property, though there are extremely suc-

cessful examples of both of the other approaches.

Other examples of methods in which members are

trained in parallel are mixture of experts [7], and an

evolutionary method in [13] whose fitness function is

very similar to the error function used in NC.

For a given mean individual error rate, negative

correlation of classifier outputs holds the potential

for even larger reductions in error through combina-

tion [14], though this is difficult to achieve in

practice. Negative correlation learning as described

in [10] is a way of training an ensemble of neural



networks in parallel, in such a way as to enforce de-

correlation or even negative correlation of the in-

dividual network outputs while retaining accuracy.

This is achieved through a modification of the error

function for each network in the form of an additive

penalty term. Penalty terms are often used for

regularization when training neural networks, for

example in weight decay [8] to penalize large

weights. In the case of NC, this idea is used to

penalize correlations between the ensemble members

in order to de-correlate the outputs, hopefully

reducing ensemble error. The method has a param-

eter, �, which controls the relative importance of the

penalty term. Setting this correctly is important for

good performance, however there are some aspects

of how the behavior of NC depends on this choice

which are puzzling. The optimal � has been observed

in [3] to tend to 0.5 as the number of networks used

in the ensemble increases, but why this would

happen and the shape the curve takes has not been

understood. In addition, the error has been observed

to diverge if � is too large, but the value at which this

rapid rise begins for different datasets seemed to be

unpredictable. The theoretical work in this paper

aims to understand these observations via an analysis

of the dynamics of the individual outputs. This leads

us to the derivation of a theoretically optimal choice

of �, potentially allowing us to improve performance

and take a step closer to being able to automatically

set the parameters of the algorithm.

NC learning at the moment is a method which can

only be applied to base learners based on gradient

descent of a continuous error function. MLP networks

are often used and will be assumed in this paper. The

evolutionary method mentioned earlier, while also

using neural networks, could be adapted to use any

base classifier, resulting in a method that to a certain

extent mirrors NC learning for a general base

classifier. The only method which translates the

Fpenalty term_ idea to general base classifiers and

zero–one loss is DECORATE [12], which creates

artificial data and labels it probabilistically in

opposition to the current ensemble prediction. New

classifiers are trained on the original data and the

artificial data, thus introducing a penalty term into the

misclassification rate which penalizes agreement with

the ensemble. The ratio of the sizes of the artificial

and original datasets can be thought of as playing a

similar role to � in NC. However, individuals are

trained sequentially not in parallel, and the lack of an

ambiguity-like decomposition for zero–one loss

makes its theoretical foundations less solid than NC.

The structure of the remainder of the paper is as

follows. In the next section we will describe the NC

algorithm in more detail, while Section 3 will

consider the problem of the optimal setting of � .

We will derive an expression for a value, �*, which

is optimal from one theoretical viewpoint and which

explains the decay of the optimal � to 0.5 as ensemble

size is increased. In Section 4 we will investigate

how the dynamics of the individual predictor outputs

fi depend on the setting of �, discovering regions of

very different behavior defined by �* . This will

provide further motivation for our choice of � as well

as insight into the limits of � and the error divergences

observed when � is too large. Empirical results testing

and illustrating the theoretical claims will be pre-

sented in Section 5, and the paper will be concluded

in Section 6.

2. Negative Correlation Learning

In the NC method [10], an ensemble of M MLP

neural networks are trained in parallel using back-

propagation. The error function for each network, in

addition to the usual squared error term, contains a

penalty term pi proportional to the correlation of the

network predictions with those of all the other

networks, making the error for a network:

Ei ¼
1

N

XN

n¼1

EiðnÞ

¼ 1

N

XN

n¼1

1

2
fiðnÞ � dðnÞ½ �2þ 1

N

XN

n¼1

�piðnÞ
ð1Þ

where the sum is over the N training examples, fi is

an individual output, and d is the target. For

simplicity of notation we will consider the error

function at just a single point from now on, removing

the necessity for the index n and the sum over points.

The penalty term is:

pi ¼ ð fi � f Þ
X

j6¼i

ð fj � f Þ ð2Þ

where f is the ensemble output. This measures and

penalizes correlations between predictors. In fact, if

as in [3] we use the fact that the sum of a set of
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values around their mean is zero,
P

iðfi � f Þ ¼ 0, we

can write:

pi ¼ ð fi � f Þ½�ð fi � f Þ� ¼ �ð fi � f Þ2 ð3Þ

which is the ambiguity [9] of the predictor, making

the error function

Ei ¼
1

2
ð fi � dÞ2 � �ð fi � f Þ2: ð4Þ

From the expression for the ambiguity decomposi-

tion of the ensemble error with equal weights, we

have:

1

2
ð f � dÞ2 ¼ 1

M

X

i

1

2
ð fi � dÞ2 � 1

2
ð fi � f Þ2

� �
ð5Þ

so we can see that if we set � ¼ 1
2 in Eq. (4) then the

error function we are using to train each network is

actually its contribution to the ensemble error as

given in the ambiguity decomposition. This is the

theoretical grounding of the method; it works

because it takes the whole of the contribution of the

network to the ensemble error into account, not just

the component due to the individual error but that

due to the correlations also. It allows us to adjust the

relative importance of the two terms, though we will

argue later that this freedom should not be exercised

as the form of the ambiguity decomposition decides

the optimal choice of lambda.

NC has been quite successful in both regression

and classification problems [10, 11], and is an

attractive method due to its explicit link with the

ambiguity decomposition. The success of NC has led

to the proposal of some variations of the method

using different penalty terms in Eq. (1). One method

in particular, called root quartic negative correlation

learning [11], has been shown capable of outper-

forming NC on some problems. The penalty term in

this method is pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
M

PM
j¼1ð fi � fjÞ4

q
, however the

choice of penalty term has little grounding in theory

at the moment, and its success is not well understood.

An elaboration of NC in [6], called constructive

neural network ensembles (CNNE) extends the NC

framework to allow the number of hidden nodes in

each network to be determined by the algorithm.

Differing numbers of training epochs may also be

used for different networks.

These derivative methods are valuable contribu-

tions, however some aspects of the behaviour of the

original NC algorithm have not been well under-

stood, particularly the behaviour as � is varied. This

has made it difficult to know without exhaustively

trying many different settings what a good setting of

� is likely to be for a particular problem.

When building an NC ensemble, an important

choice for good performance is the setting of �. As

we can see from Eq. (4) a larger (smaller) value of �
corresponds respectively to a greater or lesser

emphasis of the ambiguity term resulting in a larger

(smaller) emphasis on the spread of the predictions

compared to individual accuracy. A greater under-

standing of the behavior of NC is needed in order to

guide the choice of �, and has been the motivation

for our paper. The dynamics of NC will be explored

further in the next few sections, where the derivation

and motivation for a particular choice of � depending

only on the number of networks in the ensemble will

be presented.

3. Setting the � Parameter

An initial contemplation of the expression for the

error in Eq. (4), may suggest that a natural choice of

� would be 1
2. With this choice, the sum of the error

functions of the individuals is the error of the

ensemble as a whole, expressed in its ambiguity

decomposition:

Eens ¼
1

2
ð f � dÞ2

¼ 1

M

X

i

1

2
ð fi � dÞ2 � 1

2
ð fi � f Þ2

� �
¼ 1

M

X

i

Ei

ð6Þ

and the individual error functions are simply the

contribution of each member to the ensemble error.

However, if we seek to minimize these error

functions by gradient descent, it is the gradient of

the error function and not its actual value that is

important as it is this that informs the algorithm. This

was noted in Liu_s paper [10], where for � ¼ 1 it was

shown that @Ei

@fi
/ @Eens

@fi
, i.e., the gradient of an

individuals_ error function w.r.t fi is proportional to

the gradient of the ensemble error w.r.t fi . The

calculation leading to this however relies on an

incorrect assumption, as pointed out in [3]. The

original calculation assumed that the ensemble

output f ¼ 1
M

PM
i¼1 fi was constant w.r.t any single

individual output fi , which is not true and in the

context used could not even be assumed for large M.
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Taking this correction into account, the calculation

proceeds as follows. Starting from the individual

error,

Ei ¼
1

2
ð fi � dÞ2 � �ð fi � f Þ2 ð7Þ

@Ei

@fi
¼ ð fi � dÞ � 2� 1� @f

@fi

� �
ð fi � f Þ

¼ ð fi � dÞ � 2� 1� 1

M

� �
ð fi � f Þ:

ð8Þ

To gain a better understanding of this, we will re-

arrange the above to give

@Ei

@fi
¼ ð f � dÞ þ 1� 2� 1� 1

M

� �� �
ð fi � f Þ: ð9Þ

From here on, we will write the expression in square

brackets as � ¼ 1� 2� 1� 1
M

� �� 	
: When performing

gradient descent, the first term causes an individual

output to move to reduce the ensemble error

(regardless of the direction of the individual error),

and the second term acts to move the individual

output away or towards the ensemble mean depend-

ing on the sign of �. We will look at the effects of

this in more detail later.

We also have @Eens

@fi
¼ 1

M ð f � dÞ, so we see from Eq.

(9) that in order to achieve @Ei

@fi
/ @Eens

@fi
we have to

choose � such that � ¼ 0: This leads to a choice

�* ¼ 1

2
1� 1

M

� ��1

: ð10Þ

With this setting, by performing gradient descent on

the individual error functions, we perform gradient

descent on the ensemble error, which is a highly

desirable situation. At each iteration we are updating

the fi to decrease the ensemble error Eens even if

individual accuracy may suffer. It is the ensemble

error that is the important quantity, so it is clear that

this is a situation we should aim for. For any other

choice of � we are not minimizing the ensemble

error. Finally, we note that as M!1, �* ! 1
2, the

value our initial intuition would suggest from the

form of the ambiguity decomposition. For smaller M,

the extra multiplicative term reflects the fact that

when adjusting fi, f will also track the adjustment to

some extent. This provides an explanation of the

empirical observation in [3] that the optimal setting

of � decays to 0.5 as we add more networks (note our

� is equivalent to � as used in their paper).

In the empirical Section 5 we will try to see

whether this theoretical advantage translates into a

reduction of the error on a well-known synthetic

dataset, together with two more realistic datasets

from the medical domain.

Apart from this optimal setting, we can also set

limits on the value a sensible choice of �would take.

A negative value would defeat the point of NC

learning, and of an ensemble method in general as it

would encourage the individuals to be very similar,

thus removing all advantage from combining. For an

upper limit, as in [3] we can demand that the second

derivative of the error function remains positive so

that we retain a minimum of the error function:

@2Ei

@f 2
i

¼ 1� 2� 1� 1

M

� �2

> 0 ð11Þ

which gives an upper limit of �upper ¼ 1
2 1� 1

M

� ��2

though this does not take into account the collective

nature of NC learning. We will see in the next

section that in practice we may be able to give even

tighter limits, by looking at the dynamics of the fi as

� is varied and their implications for the stability of

the algorithm.

4. Dynamics of the fi as � Varies

In training a network by gradient descent we aim, at

each timestep (denoted by a bracketed superscript),

to update the output of the network so that

f
ðnþ1Þ
i ¼ f

ðnÞ
i � � @Ei

@fi
ð12Þ

with � > 0 the learning rate. In the case of MLP

networks considered, we have to perform back-

propagation to find the weight adjustments which

will result in this desired update, but for the moment

we will imagine that we can update the fi exactly

according to this formula.

As mentioned earlier, the error function for a

network and its derivative are

Ei ¼
1

2
ð fi � dÞ2 � �ð fi � f Þ2 ð13Þ

@Ei

@fi
¼ ð f � dÞ þ �ð fi � f Þ ð14Þ
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recalling that � ¼ ½1� 2�ð1� 1
MÞ� . Now, let us

consider how the difference between an individual

output fj and the mean of the remaining outputs
1

M�1

P
i 6¼j fi evolves as we adjust the fi over

timesteps. We will express this difference yj ¼
fj � 1

M�1

P
i 6¼j fi after an update, y

ðnþ1Þ
j , in terms of

its value at the previous timestep y
ðnÞ
j . We have

y
ðnþ1Þ
j ¼ f

ðnþ1Þ
j � 1

M � 1

X

i 6¼j

f
ðnþ1Þ
i ð15Þ

which, using Eq. (12) to express the f
ðnþ1Þ
i in terms of

the f
ðnÞ
i , becomes

y
ðnþ1Þ
j ¼ f

ðnÞ
j � � f ðnÞ � d


 �
þ � f

ðnÞ
j � f ðnÞ


 �h i

� 1

M � 1

X

i 6¼j

f
ðnÞ
i � � f ðnÞ � d


 �
� �� f

ðnÞ
i � f ðnÞ


 �h i
:

ð16Þ

The non-subscripted terms cancel out, leaving us with

y
ðnþ1Þ
j ¼ f

ðnÞ
j � 1

M � 1
f
ðnÞ
i

� �� f
ðnÞ
j � 1

M � 1

X

i 6¼j

f
ðnÞ
i

 !

¼ ð1� ��ÞyðnÞj ð17Þ

so we have after n steps that y
ðnÞ
j ¼ ð1� ��Þ

ny
ð0Þ
j , or

taking the limit of continuous time and integrating in

Eq. (17), we can express the result as

yjðtÞ ¼ yjð0Þe���t: ð18Þ

What we are most interested in is the behavior of

ðfi � f Þ , for two reasons. Firstly it appears in the

expression for @Ei

@fi
in Eq. (14) and so has an important

effect on the dynamics. We are also interested in

how the fi are spread about their mean for its own

sake. We can relate this to the above result by noting

that fi � f ¼ ð1� 1
MÞyi, so we can see from Eq. (18)

that we have three different behaviors of fi � f
depending on � . For � > 0 , fi � f decreases

exponentially, and the individual fi converge to a

single value over time. For � < 0 , fi � f increases

exponentially, and the fi will spread ever further

away from their mean. If � ¼ 0 , the training

algorithm has no effect on fi � f . Recalling that � ¼
½1� 2�ð1� 1

MÞ� and �* ¼ 1
2 ð1� 1

MÞ
�1

from Section 3,

we find that the values of � corresponding to these three

domains are � < �*, � > �*, and � ¼ �* respectively.

We will come back to the consequences of these

observations a little later.

We can also look at how the ensemble error evolves

over time. A similar calculation to that above results in

f ðnþ1Þ � d ¼ ð1� �Þð f ðnÞ � dÞ ð19Þ

with the corresponding expression in continuous time

EensðtÞ ¼ Eensð0Þe��t: ð20Þ

Regardless of how we choose �, we can see from this

that the ensemble error decreases exponentially with

time. We re-iterate here however, that this is in an

ideal situation where we can update the fi exactly

according to Eq. (12). We also note that to maintain a

certain Eens, the updates to the fi must be accurate to

within approximately Eens . With � > �* , the update

�� @Ei

@fi
is the sum of a term exponentially increasing

with time, and one exponentially decreasing with time.

This means that beyond a certain time (which can be

shown to be fairly small for typical initial conditions

and � more than a few % above �*) the absolute size

of the updates is monotonically (and approximately

exponentially) increasing over time. Maintaining an

ensemble error less than some Eens therefore depends

on making updates 4fi with ever decreasing relative

error of order Eens

4fi
� e��t.

We now return to the real world and consider the

effect on this analysis, and especially the last point

above, of the fact that we cannot just update the fi at

will. Each fi is the output of a complex mathematical

model (the network), and given a desired update we

must perform back-propagation to estimate the

weight updates resulting in the desired change in fi .
The update to fi we actually achieve at a point will be

a noisy approximation to the ideal update, for

various reasons such as potentially competing weight

updates from other training points, and limitations on

the form of function possible with the chosen

architecture. The practical consequences of this are

that, over time, for � > �* the increasing relative

accuracy of updates necessary to maintain a given

Eens becomes impossible to achieve, and the error

will diverge. This provides further motivation for our

choice � ¼ �*. If � < �* the individual outputs will

tend to converge to a very similar value, reducing the
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advantages of combining (though the algorithm is at

least stable), and for � > �* we have unstable

behaviour, neither being properties we would gener-

ally like the algorithm to have.

In experiments with architectures with linear

output nodes, the error divergence above has been

observed consistently at values of � only slightly

larger than �*. This does not contradict observations

in previous papers of divergence occurring at

varying, much less predictable values of � > �* ,

because in these papers sigmoid output nodes have

been used. This obviously limits how spread the

outputs can be, but does not remove the problem.

Forcing the output nodes to operate near to their

saturation values will certainly cause its own prob-

lems, though this will be less clear-cut, resulting in

error divergences at much more unpredictable values

of � dependent on the problem at hand.

We can gain some intuition for what form this

problem may take by considering a simple case.

Take M ¼ 2 and imagine � ¼ 0 , i.e we are just

training each network independently. In the expres-

sions for the Ei _s in Eq. (4) only the first term

remains and in the ideal case to minimize these we

would have f1 ¼ d and f2 ¼ d , giving an ensemble

output f ¼ d . If � was large, essentially only the

second, spreading term would remain in Eq. (4) and

we can imagine that the stable state we would reach

minimizing these would have f1 ¼ 1 and f2 ¼ 0 or

vice-versa, giving an ensemble output f ¼ 1
2 regard-

less of the target d, even in the ideal case. This gives

us a hint that perhaps the problem when choosing �
too large using sigmoid output nodes will manifest

itself in a displacement of the stable solutions of the

system away from the desired target d.

To develop this further, we can again consider the

dynamics of the system. A similar analysis to the

above for the ensemble error in this case is much

more difficult to interpret, and in the general case

does not seem to reduce to anything useful. However

if we confine our interest to � near �* and f near d we

can make some progress. This is the most interesting

area anyway as we wish to look at the stability of the

algorithm near f ¼ d for values � < �*; � ¼ �* and

� > �*. The details of the calculation is relegated to

the Appendix; in brief, a similar strategy is followed

to that above, but the outputs are fi ¼ �ðxiÞ ¼ 1
1þe�xi

and we assume during gradient descent we can

update the xi as we wish according to x
ðnþ1Þ
i ¼

xðnÞi � � @Ei

@xi
. The proof relies on the fact that with �

near �* and f near d, both � and ð f � dÞ are small,

allowing expansion of various expressions to first

order.

The result we end up with is

yðnþ1Þ ¼ ð1� KÞyðnÞ � ��
M

X

i

f 2
i;ðnÞð1� f

ðnÞ
i Þ

2ð f ðnÞi � f ðnÞÞ

ð21Þ

where y ¼ f � d and K ¼ �
M

P
i f 2

i;ðnÞð1� f
ðnÞ
i Þ

2 > 0.

We see that once again f ¼ d (or y ¼ 0) is a stable

solution of the system for � ¼ 0 , i.e. for � ¼ �* .

However, we notice an interesting thing for � 6¼ 0 .

The state f ¼ d is no longer a steady state of the

system in general! Now, an additional constraint

must be satisfied. For a solution with f ¼ d, we must

also have

X

i

f 2
i;ðnÞð1� f

ðnÞ
i Þ

2ð f ðnÞi � f ðnÞÞ ¼ 0: ð22Þ

The only obvious solutions to this are states where

all fi 2 f0; 1g, or all the individual outputs are equal,

fi ¼ f 8 fi. There would probably be other solutions

too, but these would have to be unstable for f ¼ d, as

the second term in Eq. (24) is the only surviving

term if f ¼ d and forces spreading or convergence of

the individual outputs (depending upon the sign of �)
until one of the two conditions above are met, or we

no longer have f ¼ d . In the case of � > 0 , where

individual solutions will tend to become very similar,

we have no serious problems because no matter what

the target d is, we can have the stable solution with

all fi ¼ d. This is not ideal though because we lose

any advantages that could be gained by combining.

For � < 0 we do have a problem, because this

solution is no longer stable. Unless the target is of

the form d ¼ m
M for some m 2 f0; :::;Mg, we cannot

find a stable solution with f ¼ d. We will instead find

a state where f is displaced away from d towards one

of a few discrete values of the form m
M to some extent

which will depend on the magnitude of � and the

target d . As � is increased, more and more of the

input space will be forced very near to one of these

discrete values. This is the reason that the error

divergences observed for sigmoid output nodes are

less dramatic and much less predictable. A certain

displacement of the stable state of the system away

from the target will not immediately cause huge

errors, especially in a classification context.
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Figure 2. The dynamics of the individual outputs for various �. The curves show, for each individual, the average output of a single output

node over all points of the corresponding class. The ensemble size is 3. From top left we have a)� ¼ 0:76, b)� ¼ �* ¼ 0:75, c)� ¼ 0:7, and

d)� ¼ 0:
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Figure 1. The synthetic dataset, and an example NC classification.
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Although we still do not have an exact picture of

the dynamics for non-linear output nodes, hopefully

this has provided some intuition for the behavior in

this case, and the problems which may still arise for

� > �*. The impact of these problems is much less

predictable as details of the specific targets for the

problem, and the initial fi, will tend to affect the size

and direction of the displacement of stable solutions

from f ¼ d in a complicated way.

5. Experimental Analysis

In this section we will present empirical results

which illustrate and support the theoretical claims

made in the previous sections. We will take a look at

examples of the dynamics on the synthetic dataset, a

2-class, 2-D dataset with each class consisting of two

overlapping multivariate Gaussians. The classes

overlap significantly, with the Bayes error at roughly

8%. The training set consists of 250 patterns, with a

test set of 1,000. Figure 1 shows the training set, and

an example classification produced by NC.

The experimental setup was as follows. An

ensemble of three MLP neural networks was used,

each with five hidden nodes with the tansig transfer

function. Linear output nodes were used, and the

networks were trained for 5,000 epochs at learning

rate � ¼ 0:05. Weights and biases are initialized via

the Nguyen–Widrow algorithm. The targets are in

one-of-k form. We will focus on the output of just

one of the two output nodes for the training points,

so the targets are 0 for all points of class 1, and 1 for

all points of class 2. We will plot the average output

over all training points of class 1, for each of the

individual networks, to see the overall trends as

training progresses. The results for various values of

� are shown in Fig. 2.

What we notice straight away is the dramatic

divergence of the individual outputs for � ¼ 0:76 .

This is a little over 1% above the value �*, beyond

which our theoretical results predict an exponential

divergence of the inputs, resulting rapidly in a

divergence for the error also. We can see the effects

of this divergence on the error in Fig. 3. This

0 0.2 0.4 0.6 0.8
0.095

0.1

0.105

0.11

0.115

0.12

lambda

M
S

E
 o

n 
tr

ai
n

0 0.2 0.4 0.6 0.8
0.075

0.08

0.085

0.09

0.095

0.1

lambda

M
S

E
 o

n 
te

st

0 0.2 0.4 0.6 0.8
0.13

0.135

0.14

0.145

0.15

0.155

0.16

lambda

M
C

R
 o

n 
tr

ai
n

0 0.2 0.4 0.6 0.8
0.09

0.095

0.1

0.105

0.11

0.115

0.12

lambda

M
C

R
 o

n 
te

st

 

Figure 3. MSE and MCR on both training and testing sets as � increases on the synthetic dataset.
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divergence becomes quickly more rapid as � is

increased still further. For � ¼ �* ¼ 0:75 we see no

pronounced convergence or divergence of the indi-

vidual outputs—they are being adjusted in a com-

plementary way to reduce the ensemble error with

preference being shown neither for similarity nor un-

necessary spread. For � a little below �* , by just

0.05, we already see a definite tendency of the

outputs to converge to a similar value, and by � ¼ 0
corresponding to independent training of the net-

works, the individuals become very similar indeed.

This illustrates the three different characteristic

behaviors discussed in Section 4. What we would

like to know now is whether this translates to an

optimal setting of � in terms of the ensemble error.

We will again use the synthetic dataset, and two

more realistic datasets from the medical domain.

These datasets, and further information about them

can be found in the UCI machine learning database

[4]. The liver dataset is a 2 class, 6 feature dataset

with 345 examples taken from male patients. Five of

these features are numerical values corresponding to

the results of various blood tests thought to be

sensitive to liver disorders, the sixth is the average

number of half-pint equivalent drinks per day. The

cancer dataset is also a 2 class problem, with 30

features and 569 examples. The features are computed

from digitized images of the cell, and the classes are

defined by their diagnosis as malignant (212 exam-

ples) or benign (357 examples). Further information

on this dataset can be found in [15]. Both datasets

were split (as nearly as possible) into equally sized

training and test sets.

On the synthetic dataset, negative correlation ensem-

bles were generated for M ¼ 2; :::; 6, and for each case

nine values of � were used, eight evenly spaced in the

range 0 to �* , and the final one the same step size

above �* serving to illustrate the error divergence

when � > �* when using linear output nodes. The

experimental setup is as above apart from the fact that

2,500 training epochs were used. The results for M ¼
3 (for which �* ¼ 0:75) can be found in Fig. 3.
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Figure 4. MSE and MCR on both training and testing sets as � increases on the cancer dataset.
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Results for all the ensemble sizes tested showed

very similar qualitative behavior. We can see the

results of the divergence of the individual outputs

and the instability this causes very clearly in the

huge increase in error beyond �* , and a definite

tendency of the error to decrease as � is increased to

�* , showing that an NC ensemble is significantly

better than a combination of independently trained

networks for this dataset.

On the liver and cancer datasets, ensembles of

three networks were generated. The parameter

setting were respectively 5 nodes, 5,000 epochs with

learning rate 0.0005, and 10 nodes, 7,000 epochs

with learning rate 0.00004. The parameter settings

used have been chosen purely for illustrative purposes

to demonstrate the different behaviour one can expect

from NC, without any particular attempt at optimizing

performance. On the cancer dataset, we can see from

Fig. 4 that for MSE we have a similar trend to that

seen in Fig. 3 for the synthetic dataset, though it is

hard to see in the case of MCR, illustrating the fact

that MSE often does not correspond particularly

closely to MCR. However, the optimal � again seems

to be � ¼ �*, with a rapid increase in error beyond

this value.

If we look at the results in Fig. 5 for the liver

dataset, we see different behaviour. On the training

set the story is similar to the results for the other

datasets, and we see decreasing error as � is increased

down to a minimum at �* , followed by the

characteristic divergence in error beyond �*. How-

ever on the testing sets, we see a minimum in the

error before �* is reached, followed by a gentle

increase up to �* and a rapid increase beyond �*. In

this case �* is not optimal. A decreasing trend in the

training error accompanied by the opposite trend in

testing error is the classic sign of overfitting. Our

choice �* is optimal in the sense that for this value

the individual networks will cooperate, and their

outputs be de-correlated, to the greatest extent

compatible with stability. This cooperative adjustment

of the weights allows more complex functions to be fit,

leading to improved performance if greater complexity

is needed but also the potential for overfitting if it is not.

In some sense the value of � acts to control the

complexity of the ensemble classifier. Thus our choice
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Figure 5. MSE and MCR on both training and testing sets as � increases on the liver dataset.
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�* is not optimal in an absolute sense but must be

chosen in conjunction with a suitable number of

hidden nodes and ensemble size. What is Fsuitable_
for a given problem is an area requiring further work.

The results for � ¼ 0, corresponding to indepen-

dent training of the networks, and for � ¼ �* , for

each dataset are summarised in Table 1.

6. Conclusions

In this paper we have addressed the question of how

to choose the � parameter in NC learning, by

investigating how the dynamics of the algorithm are

affected by this choice. We have argued that @Eens

@fi
/ @Ei

@fi
is a situation we should aim for, and derived the value

�* depending only on M for which this is true. We

have then proceeded to investigate the effects of the

choice of � on the stability of NC learning, with �*

appearing again as a limiting value for stability of the

algorithm. This has provided further motivation for

our choice of � and we have found that for � > �* we

have unstable behaviour, manifesting itself in different

ways depending on the output nodes used. This

provides explanations for some previously observed

phenomena, although we still cannot characterize the

exact value of � beyond which the error will diverge

for sigmoid output nodes in the same way that we can

for linear output nodes. To understand how this

depends on the specific problem at hand, and probably

on the initial values of the fi, is an area needing further

research. However so long as we choose � � �* (as of

course we always can as �* ¼ 1
2 ð1� 1

MÞ
�1

is known)

we can be assured of a stable algorithm. Finally, we

have illustrated these theoretical results with empirical

results showing the existence in practice of some of

the implications of our theory, and suggesting that up

to a certain complexity of individual network our

choice is optimal. However, �* is optimal only in the

sense that the individual networks co-operate most

fully for this value, resulting in the ability to fit more

complex models. The algorithm provides no protection

against over-fitting. Thus if the added complexity

introduced by this co-operation is not appropriate to

the complexity of the problem at hand, we may see

over-fitting with �* optimal on the training set and a

lesser value of � optimal in terms of performance on

the testing set.

1. Appendix

We will proceed in a similar manner to that of

Section 4, skipping a few of the details for brevity.

The outputs fi are given now by fi ¼ �ðxiÞ , with

�ðxÞ ¼ 1
1þe�x . We will allow ourselves to update the

xi according to

x
ðnþ1Þ
i ¼ x

ðnÞ
i � �

@Ei

@xi
ð23Þ

though again in practice approximate updates would

be made by adjusting weights via back-propagation.

From the chain rule, we have @Ei

@xi
¼ @Ei

@fi

@fi
@xi
¼ @Ei

@fi
fið1� fiÞ. In the following calculations we will write

Ai ¼ ��
@Ei

@fi
fið1� fiÞ

¼ �� ð f � dÞ þ �ð fi � f Þ½ � fið1� fiÞ ð24Þ

so that x
ðnþ1Þ
i ¼ x

ðnÞ
i þ A

ðnÞ
i . We want to know how the

ensemble error y ¼ f � d evolves over time so we will

try to express yðnþ1Þ in terms of yðnÞ. We have

yðnþ1Þ ¼ 1

M

X

i

f
ðnþ1Þ
i � d ð25Þ

and using Eq. (23)

f
ðnþ1Þ
i ¼ � x

ðnþ1Þ
i


 �
¼ � x

ðnÞ
i þ A

ðnÞ
i


 �
: ð26Þ

Note that because � is monotonically increasing with

its argument, the update to xi and the corresponding

update to fi will have the same sign, so the second

term in Eq. (24) still has a spreading or converging

(depending on sign of �) effect on the fi as in the linear

Appendix

Table 1. Summary of results for � ¼ 0 (independently trained

networks) and � ¼ �* (NC ensemble with de-correlated outputs).

MSE Varð�10�4Þ MCR Varð�10�3Þ

� ¼ 0

Synth 0.091 0.414 0.107 0.104

Cancer 0.136 29.0 0.126 9.90

Liver 0.207 0.155 0.312 0.236

� ¼ �*

Synth 0.082 0.139 0.098 0.016

Cancer 0.082 11.0 0.098 9.30

Liver 0.211 l0.273 0.309 0.226
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case. Substituting the expression for f
ðnþ1Þ
i in Eq. (26)

into Eq. (25) we have

yðnþ1Þ ¼ 1

M

X

i

� x
ðnÞ
i þ A

ðnÞ
i


 �
� d: ð27Þ

Using the fact that �ðaþ bÞ ¼ �a�b

�a�bþð�a�1Þð�b�1Þ for

any a and b (writing �a for �ðaÞ etc), which can be

proved easily from the definition of �, we have

yðnþ1Þ ¼ 1

M

X

i

�
ðnÞ
i �

ðnÞ
Ai

�
ðnÞ
i �

ðnÞ
Ai
þ ð�ðnÞi � 1Þð�ðnÞAi

� 1Þ

 !
� d:

ð28Þ

Now, we consider � near �* and f ðnÞ near d, so that Ai

is small. In this case, we can expand �Ai
� 1

2 ð1þ
Ai

2 Þ
to first order, and substitute in above. After a few lines

of rearrangement and further expansions of the form

ð1þ �Þ�1 � ð1� �Þ for small �, we arrive at

yðnþ1Þ � 1

M

X

i

�
ðnÞ
i 1þ A

ðnÞ
i ð1� �

ðnÞ
i Þ


 �
� d: ð29Þ

Recalling that by definition fi ¼ �i and y ¼ f � d, the

above becomes

yðnþ1Þ � yðnÞ þ 1

M

X

i

Aið1� fiÞ: ð30Þ

Substituting in for Ai and rearranging gives the result:

yðnþ1Þ � ð1� KÞyðnÞ � ��
M

X

i

f 2
i;ðnÞð1� f

ðnÞ
i Þ

2ð f ðnÞi � f ðnÞÞ

ð31Þ
where K ¼ �

M

P
i f 2

i;ðnÞð1� f
ðnÞ
i Þ

2 > 0.
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