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Abstract. Recent findings in the domain of combining classifiers provide a sur-
prising revision of the usefulness of diversity for modelling combined perform-
ance. Although there is a common agreement that a successful fusion system
should be composed of accurate and diverse classifiers, experimental results
show very weak correlations between various diversity measures and combining
methods. Effectively neither the combined performance nor its improvement
against mean classifier performance seem to be measurable in a consistent and
well defined manner. At the same time the most successful diversity measures,
barely regarded as measuring diversity, are based on measuring error coinci-
dences and by doing so they move closer to the definitions of combined errors
themselves. Following this trend we decided to use directly the combining error
normalized within the derivable error limits as a measure of classifiers depend-
ency. Taking into account its simplicity and representativeness we chose major-
ity voting error for the construction of the measure. We examine this novel de-
pendency measure for a number of real datasets and classifiers showing its abil-
ity to model combining improvements over an individual mean.

1. Introduction

In many recent works dedicated to pattern recognition the efforts are being shifted
towards classifier fusion as a way of further improvement of the recognition rate [1]-
[3]. Combining classifiers is now perceived as a universal and obvious advancement
of the single-best strategy, often even paraphrased as “gather all and combine” [1].
Very quickly it turned out that “combining all” is expensive and very rarely optimal,
which initiated the studies concentrating on the question of what makes some combi-
nations of classifiers work better than others. Individual mean performance was the
first indicator to start with. However it has been shown that well performing recogni-
tion systems can also be constructed out of weak individually, but strong as a team,
classifiers [4]. The system property responsible for the team strength is known under
many names in the literature including: disagreement, diversity, independence etc, all
denoting certain characteristics among classifier outputs [1]-[9]. More detailed analy-
sis revealed that specific distributions of outputs corresponding to maximum error
dispersion account for the optimal performance of the voting systems [10], [11]. In



general, however, each combiner has its own characteristic features and phenomena
explaining successful combination for one combiner may no longer be applicable for
others. Nevertheless the classifier diversity, in addition to the individual performances,
isbelieved to explain all the amazing successes of classifier fusion.

The problems with the diversity started to emerge with the attempts of measuring it.
Focused mainly on the outputs disagreement, a majority of diversity measures investi-
gated in [12]-[15] showed very weak correlations with combined performances as well
as their improvements. In [14] Shipp and Kuncheva illustrated even an apparent con-
flict between diversity tendencies shown by some measures as falling and by others as
rising among AdaBoost generated classifiers as training progressed. An interesting
finding emerged from our recent diversity investigations [16]. A substantial gainin the
correlation with majority voting error has been observed for measures operating on
error coincidences with an asymmetry to change of the individual classifier outputsin
their definitions. Our measure (‘Fault Majority”) built using this principle and addi-
tionally exploiting some characteristics of the combiner it was designed for, showed
the best average correlation with the majority voting error. In our further investiga-
tions into the concept of diversity, the analysis of different error coincidence levels
within a pool of classifiers to be combined showed further improvement in the correla-
tion to majority voting error [17]. Consequently the closer the measure to the defini-
tion of the combined error, the better its correlation with the combined errors and the
better use of the measure.

In this paper we attempt to take a full advantage of these findings and propose to
use the normalized combiner error directly as a measure of dependency. This proposi-
tion may seem naive but if we confront the properties of such a measure with aims
that diversity measures are trying to achieve, this “naive measure” shows superior
quality in all aspects. Majority voting combiner is ideal for that purpose as measuring
its error is often computationally cheaper than applying complex diversity measures
[10]-[17]. We try to explain and illustrate that there is no point of using diversity
measures to model majority voting error rather than just using this error itself. More-
over, we show that unlike diversity measures, a measure of combiner error normalized
within its limits can be used for modelling the performance improvement of the sys-
tem. We justify our claims by a number of experiments with majority voting and indi-
cate potential applicability for other combiners.

The remainder of the paper is organized as follows. In Section 2 we raise some
doubts about the usefulness of diversity in the context of combining classifiers. Sec-
tion 3 provides the definition of the novel measure based on the majority voting error.
In Section 4 we consider possibility of reducing complexity of the measure. The fol-
lowing section shows the experiments conducted with real datasets and classifiers
evaluating the new measure. Finally summary and conclusion are given in Section 6.

2. Problemswith Useful Diversity

Diversity perceived as a certain dependency among variables is a well-established
statistical concept. More recently, rapid technology development led to rediscovery of



the diversity in its entirely new meaning and importance in the context of combining
evidences [5]-[8]. In the software development domain, the successful strategy turned
out to be designing systems composed of diverse multi-version software implementa-
tions preventing from coincident failures [5], [6]. In the pattern recognition domain,
diversity is claimed to be the property of the multiple classifier systems deciding about
their performance [7], [8]. In general terms diversity is a clear concept of variety,
multiplicity and the hope was that diverse (here different) classifiers should produce
more reliable and improved classification results. It turned out however that different
classifiers are not necessarily diverse and to evaluate the diversity one needs an appro-
priate measure. We believe that to be called useful with relation to combining classifi-
ers, diversity measure should be:

1.  well correlated with combiner performance and/or its improvement;

2. appropriately normalized between extreme values of combined performance;

3. simpleor at least less complex than cal cul ating the combined performance.

With respect to these requirements a vast majority of diversity measures completely
fail on the first point, some of them fulfil the second and third condition, which addi-
tionally depends on a combiner used. The most naive is probably the illusion that a
simple measure based on outputs disagreement can be correlated well with a number
of different sometimes quite complex combining methods. It is also reflected in many
unsuccessful attempts to define a universally useful diversity measure indicating po-
tential benefits of combining [12]-[15]. It is therefore our belief that any measure of
diversity, which could be used as a certain criterion for selecting classifiers to be com-
bined, or deciding whether one should use a combination of classifiers in the first
instance, should be designed in close connection with the combination method (i.e.
majority voting, fuzzy templates, mixture of experts etc.) asindicated in [16] and [17].
In an extreme case, the combination performance, which we advocate in this paper,
could be used instead of some kind of “universally useful diversity measure’. Trivi-
ally, as we intend to show, the measure of combined performance does perfectly eve-
rything what diversity measures unsuccessfully try to do and often does it even
cheaper, using the same evidence.

3. Majority Voting as Dependency Measure

Majority voting (MV) is an example of a simple fusion operator that can be applied to
combine any classifiers as their outputs can always be mapped, if necessary, to the
binary representation. Given a system of M trained classifiers. D ={D,,...,D,,}
applied for N input data x,, i=1,..,N we can represent the system outputs as a
binary matrix of outputs Y™ (O-correct, 1-error). The decision of majority voting
combiner y" for asingle i " datasample can be obtained by the following formula:

w B Sy, <ms2 (1)
Y _% if z:”zly” > M /2[]

A more detailed definition of MV including the rejection rule, observed for equal
number of opposite voteswhen M is even, can be found in [9]. However, thiswork is



not concerned with a detailed study of MV itself and in further analysis, without any
loss of generality, we assume odd M . In [11] we presented the magjority voting error
limits assuming that al classifiers perform at the same mean level. Recalling these
limits for a specific mean classifier error € we have:
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where EJ and E[% stand for the lower and upper limit of MV error respectively.

Now what we propose is that measuring majority voting error (1) and normalizing
it within the limits (2) we obtain a very informative measure expressing the relative
position of the majority voting error between its limits and call it Relative Error (RE)
measure. To get an intuitive norm and relevant interpretation of the specific points of
the RE measure we propose the following definition:

RE = D(Ervlv - Eo)/(Eo - Eal\r/]) if EMV = Eo (3)
EMV _Eo)/(me 'Eo) if EMV > Eo

where E, isa specific value of the system error, for which the RE measure is equal to
0. The graphical interpretation of the measure with marked components is shown in
Figure 1. We consider two possibilities for the value E,, which is the mgjority voting
error assuming classifier independence or in the second version just mean classifiers
error. Note that for both versions of the RE measure, its values range within the limits
{-11} where the worst case: RE =1 corresponds to the maximum majority voting
error possible and in the best case: RE = -1 the combined error reaches its theoretical
minimum. For the case of E, being independent error, the measure resembles in its
values the concept of negative and positive correlations with the same meaning of the
values as discussed in [10]. In the experimental section we evaluate its performance as
a dependency measure using real datasets and classifiers.
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Figure1l. Graphical interpretation of the RE in two versions: with E; as independent majority
voting error (left), E; denoting mean classifier error (right).



4. Complexity Reduction

The classifiers dependency measured by the performance of the combiner may be
accused of being too complex and indeed it requires recal culating the majority voting
error for different subsets of classifiers taken to the fusion. Applying the RE measure
for al classifier combinations from a given pool imposes exponential complexity of
the process equal to the exhaustive evaluation of the combiner performance. However
the evaluative complexity of non-pairwise measures discussed in [12] is exactly of the
same order and the cost of the individual measure is commonly higher. Moreover,
seemingly simple pairwise measures in addition to their quadratic eval uative complex-
ity have to add the complexity of measuring the diversity for all pairs within the com-
bination to get the average value, which make them complex even using precal culated
matrix of pairwise diversity values. Binary matrix representation of outputs from mul-
tiple classifiers is particularly useful for fast calculation of the majority voting. What
is required to get the majority vote output for a particular sample is to sum all values
within corresponding row of the matrix Y ™" and check if this sum is greater or equal
[M/2[. Given matrix Y the error calculation is equally simple asit is just mean out
of al combiner outputs, obtainable by just one line of code in Matlab notation:

E,,~mean(sum(Y~)>M/2);

Further potential reduction of the individual costs of the measure is available
through the approximation of the majority vaoting error. In [17] we showed a decom-
position of the majority vaoting error into levels of general or exclusive coincidences.
The k" level of general coincidence LS isjust the summing, for all the k-combinations
of classifiers, of the sums of cases where all k classifiers fail. In the exclusive version
L% additional condition is that all the remaining classifiers should produce correct
outputs. Using these definitions majority voting error can be decomposed as:

. 1 sd-1
Ew :NZ:\ZEMIZDL:E :Nztwuu(_l) k%—lé-?

We also showed efficient ways of calculation of these coincidences within the frame-
work of set analysis. Additional savings are potentially available provided it is possi-
ble to estimate any of the two types of coincidence levels (see [17] for details). Recall-
ing the experimental results from [17], we observed a substantial loss in the correla-
tion with majority voting error if just one of the required levels is missing. In other
words approximation of a number of coincidence levels has to be extremely accurate
to produce precise estimations of the overall MV error. A promising phenomenon was
observed for the higher levels of general coincidences. Plotted in the logarithmic scale
they showed a linear tendency as if the classifiers were independent starting from a
certain order of dependency, but with substantially higher mean classifier error. Meas-
uring just 2 points of this line would give the values of al other required levels and
potentially the value of majority voting error (4). In the experimental section we ex-
amine potential applicability of this option and compare the approximated values with
combiner errors.

(4)



5. Experiments

The experiments have been carried out in two groups. The first part provides compara-
tive evaluation of the proposed RE measure in two versions discussed in Section 3.
Applying a number of classifiersfor real datasets, we examine the correlation between
the RE and the improvement over individual mean error and compare it against repre-
sentative diversity measures used so far. In the second experiment we examine the
relevance of the components of RE measure. The reliability of the majority voting
error limits is examined by comparing the true limits with the ones based just on the
information of mean classifier errors. Relating to the majority voting error component
of RE measure we show some examples of its modelling implementation discussed in
Section 4. To maintain the generality of our findings we chose 11 commonly used
classifiers and applied them for a classification of 4 real datasets taken mostly from
the UCI Repository:. The experiments have been carried out by applying 100 times
random splitting into equally populated training and testing sets, the outputs obtained
for classification of the testing sets have been hardened and stored in binary matrices.

5.1 Experiment 1

In this experiment both versions of the RE measure have been applied for all the com-
binations of 3, 5, 7, and 9 out of 11 classifiers. The same has been done with Q statis-
tics measure and Double Fault measure discussed in [12]-[15] for comparison pur-
poses. All these measures have been compared against the difference between the
majority voting error and mean classifier error and the quality of a measure was
evaluated by calculating correlation coefficients. Table 1 shows the comparative re-
sults for all examined datasets and Figure 2 depicts the meaning of the correlation
coefficients for the combinations of 3 classifiers. The results clearly show the superior
quality of the presented measures in comparison to Q statistics, which only for one
dataset showed correlation coefficients reaching 0.9, and even worse Double Fault
mesasure. The first version of the RE,,, measure (with independent MV error as E))
failed to capture the considered dependency for Chromo dataset, whereas in the sec-
ond version, RE, . (E, as a mean classifier error) showed an outstanding correlation
with the difference between magjority voting error and mean error for all considered
datasets. Very high correlations commonly exceeding 0.98 suggest that the presented
measures appropriately model performance improvement that can be obtained by
majority voting comparing to mean classifier error. Moreover the quality of the meas-
ures does not fall for higher number of classifiers in a team. Nevertheless occasional
failures (like for Chromo dataset with RE,,,) may suggest that the measures do not
deal well with large differences in classifier performances, which for chromo dataset
exceeds 20% but further experiments are currently conducted to investigate this issue.

1 University of California Repository of Machine Learning Databases and Domain Theories,
available free at: ftp.ics.uci.edu/pub/machine-learning-databases.



Tablel. Correlations between the improvement of the majority voting error over the mean
classifier error (E,,,-E,) and both versions of the RE measure compared against Q Statistics
and Double Fault measures. The correlation coefficients were measured separately for the com-
binations of 3, 5, 7, and 9 out of 11 classifiers within each dataset.
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Figure2. Visudization of correlations between the improvement of the majority voting error
and the measures from Table 1. Coordinates of al points represent the measures examined for
all 3-element combinations out of 11 classifiers for which the measures were applied.

5.2 Experiment 2

The definition of the RE measure consists of two major components: majority voting
error and the estimates of its limits for given mean classifier error. The derivation of
the limits is performed with an assumption that all classifiers to be combined have the




same classification performance. Redistically, classifiers perform differently, and
there is alimited number of samples which means that realistic boundary distributions
of errorsin the binary matrix may result in dlightly different or substantially different
limits if the differences in performances are high. In the example of an extreme case
of having 3 classifiers with individual error rates: {0.01, 0.5, 0.99}, as the mean is 0.5,
definitions (2) result in the limits {0.25, 0.75} whereas in reality the limits are { 0.49,
0.51}. However in redlistic situations if the performance differences are high, the
worst classifiers are rejected and consequently the final differences are never that
extreme. The results in Table 2 showing extremely small absolute discrepancies from
the real limits confirm our expectations. The limits component of the RE measure can
be therefore considered as a fast and accurate estimation of the true MV error limits.

As discussed in Section 4, the majority voting error component can be calculated in
arelatively fast way. Nevertheless definition of majority voting error (4) decomposed
into sums of higher coincidence levels makes it tempting to model the error by ap-
proximation of the required coincidence levels. Following the observations of linear
progression (in a logarithmic scale) of the general coincidence levels, we examine
now the accuracy of the approximation based on information of just two boundary
coincidence levels. Figure 3-A shows the evolution of the general coincidence levels
in the logarithmic scale for four considered datasets. The crucial part of the higher
levels is visibly quite close to the linear trend. For all datasets we applied linear re-
gressions for the levels influencing majority voting error defined by (4), resulting in
the lines appearing in Figure 3-B. Based on the approximated values of all general
coincidence levels we then calculated the majority voting errors according to (4) and
compared them with the real error values as shown in Table 3. Although the plots in
Figure 3-B show quite satisfactory match for each coincidence level individually,
small deviations from the true values result in big differences between the real and
approximated majority voting error. It seems that approximation of the MV error by
means of error coincidence levels introduced in [17] may not by suitable due to high
sengitivity of the combined error to small deviations from the real values of coinci-
dence levels. These results agree in a sense with our findings from error coincidence
analysis performed in [17]. Nevertheless the results provide a new interesting charac-
teristic of the multiple classifier system, which is the slope of the falling general coin-
cidence levels. The dope coefficient m, where f(x)=mx+b, has a direct equivalence
with the error rate of equally performing team of independent classifiers: p=exp(m).
For both cases each consecutive coincidence level falls by multiplying the previous
level by the equivalent independent error rate p.

Table2. Average absolute relative abbreviations (in %) from the real upper limits of majority
voting error imposed by applying definitions (2) based only on mean classifier error. Average
abbreviations are calcul ated separately for each dataset out of all combinations of 3 classifers.

Dataset Iris | Biomed | Satimage | Chromo
Av. Abbrev. [%] | 0.44 0.19 0.14 0.05




Table 3. Comparison between the real and approximated values of the majority voting error for
all datasets and applying al 11 classifiers. The error rates are shown in percentages.

Dataset Iris | Biomed | Satimage | Chromo

Real MVE [%)] 3.64 9.97 14.76 56.57

Approx. MVE [%] | 1.97 6.40 8.01 36.02
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Figure 3. Linear regression of the normalized higher levels of general coincidence. A (left):
Evolution of the values for increasing levels in logarithmic scale. B (right): Lines matched in
the logarithmic scale to the higher levels (6:11) of general coincidence.

6. Summary and Conclusions

In this paper we attempted to show a new strategy for constructing the classifier de-
pendency measure directly exploiting characteristics of the combining method applied
to the classifier team. Inspired by the unsuccessful attempts of finding the relationship
between the diversity measures and combining performance, we claim that at the
moment it is cheaper and more accurate to measure the combining performance di-
rectly rather than using any of a number of existing diversity measures.

As aresult we proposed a Relative Error measure which uses majority voting error
scaled within accurately approximated error limits. We showed that all components of
the RE measure are easy to calculate and its complexity remains of the same order as
established diversity measures. Showing two versions of the RE we proved experi-
mentally their very high correlations with the improvement of the majority voting
performance over mean classifier error, the indicator commonly used to evaluate the
quality of the diversity measures. Both versions have been scaled between -1 and 1
where: -1 indicates a maximum possible improvement while 1 indicates a maximum
possible degradation of the performance. The difference between two versions is the
meaning of 0 value, which in the first version corresponds to the majority voting error
with the assumption of classifier independence, while for the second version means
equal values of the mgjority voting error and average individua classifier error. While
the performance of the second version of the measure was extremely good for all four
data sets, the first version has failed quite spectacularly for the Chromo dataset. The
reasons for this failure are not quite clear and require further investigations.



We have aso attempted to model the majority voting error using approximated er-
ror coincidences which turned out to be inaccurate in predicting the error value though
the error coincidences individually are approximated relatively well. However, what is
very interesting is the fact that the majority voting error was consistently underesti-
mated for all datasets which might indicate a possibility of using these estimates as
lower limits for a given set of classifiers and data sets.
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