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Abstract

Individual classification models are recently challenged by combined pattern recognition systems, which often show better

performance. In such systems the optimal set of classifiers is first selected and then combined by a specific fusion method. For a small

number of classifiers optimal ensembles can be found exhaustively, but the burden of exponential complexity of such search limits its

practical applicability for larger systems. As a result, simpler search algorithms and/or selection criteria are needed to reduce the

complexity. This work provides a revision of the classifier selection methodology and evaluates the practical applicability of diversity

measures in the context of combining classifiers by majority voting. A number of search algorithms are proposed and adjusted to

work properly with a number of selection criteria including majority voting error and various diversity measures. Extensive

experiments carried out with 15 classifiers on 27 datasets indicate inappropriateness of diversity measures used as selection criteria in

favour of the direct combiner error based search. Furthermore, the results prompted a novel design of multiple classifier systems in

which selection and fusion are recurrently applied to a population of best combinations of classifiers rather than the individual best.

The improvement of the generalisation performance of such system is demonstrated experimentally.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Given a large pool of different classifiers there are a

number of possible combining strategies to follow and it

is usually not clear which one may be the optimal for a

particular problem. The simplest strategy could be to

select the single, best performing classifier on the train-
ing data and applying it to the previously unseen pat-

terns [26]. Such an approach, although the simplest,

does not guarantee the optimal performance [28].

Moreover, there is a possibility that at least some sub-

sets of classifiers could jointly outperform the best

classifier if suitably combined. To ensure the optimal

performance, a multiple classifier design should be able
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to select the subset of classifiers that is optimal in the

sense that it produces the highest possible performance

for a particular combiner. On one hand, it is clear that

combining the same classifiers does not contribute to

anything but the increased complexity of a system. On

the other hand, different but much worse performing

classifiers are unlikely to bring any benefits in combined
performance. It is believed that the optimal combina-

tions of classifiers should have good individual perfor-

mances and at the same time sufficient level of diversity

[35]. In many recent works it has been shown however

that neither individual performances [27,40] nor diver-

sity [29,37] on their own provide a reliable diagnostic

tool able to detect when combiner outperforms the

individual best classifier. As noted by Rogova [27],
individual classifier performances do not relate well to

combined performance as they miss out the important

information about the team strength of the classifiers. In

turn, diversity, due to problems with measuring and
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even perceiving it, also does not provide a reliable

selection criterion that would be well correlated with

combiner performance [31]. Some attempts at including

both components jointly guiding selection proved to be

highly complex while offering only relatively small
improvements [30,40]. A little more successful have been

selection attempts based on specific similarity measures

devised in conjunction with the combiner for which the

classifiers are selected. The fault majority presented in

[29] or similarity S3h measure presented in [16] are just

two examples that have shown high correlation with

majority voting performance. Unlike general statisti-

cally driven diversity measures, measures exploiting
combiner definition take into account information of

what makes a particular combiner work and selection

guided by such a combiner naturally have greater

chances of being successful. All these findings point to

the combined performance as a relevant selection crite-

rion.

Effectively the most reliable strategy seems to be

evaluation of as many different designs as possible and
subsequent selection of the best performing model. A

difficulty however is that such a wide open scale of

evaluation is computationally intractable. To realise

this, it is sufficient to note that assuming a chosen

combiner, evaluation of all subsets from an ensemble of

redundant classifiers is a process growing exponentially

with the number of classifiers. On top of that, for large

numbers of classifiers the performance based search
space becomes increasingly flat which makes selection

even more difficult [40]. In the light of such difficulties, a

modular decomposition model of combining seems

advisable, particularly if only one locally best classifier is

to be selected for a particular subtask or local input

subspace. A number of dynamic selection models

[7,8,10] or cluster and select based approaches [18,24]

illustrate that advantage and in some cases show even
substantial improvement compared with the individual

best classifier. However, by analogy to redundant com-

bining, in general, improvement may be also sought in

combining many classifiers within each subtask or input

subspace, which computationally looks even more

intractable than in the redundant combining model.

Summarising, a large number of various classifiers and

combining methods, rapidly increases the ambiguity,
risk and selective complexity of a particular choice,

leading ultimately to overfitting and weak generalisation

ability. On the other hand, in safety critical systems all

potentially useful evidence is precious and cannot be

wasted. These requirements impose on classifier selec-

tion the need to address the problems of complexity,

overfitting and search accuracy at the same time.

There is not much evidence in the literature of
selection systems dealing well with all three aspects

mentioned above. In an attempt to ensure the accuracy

of search, Sharkey et al. [36] proposed an exhaustive
search algorithm assuming small number of classifiers.

For larger numbers of classifiers, in order to avoid

computational burden of an exhaustive search, a num-

ber of heuristic selection methods have been proposed.

From choose single best through pick n best to choose the
best in the class strategies have been investigated by

Partridge and Yates [26]. As claimed in [26], such simple

strategies are particularly effective in flat search spaces

where all the classifiers exhibit similar capabilities

including performance and diversity. In general how-

ever, the validity of such heuristics is not guaranteed. As

mentioned above, there have been some attempts at

selecting classifiers based on diversity measures. In [9],
Giacinto and Roli used a simple double fault measure

for clustering classifier outputs and used this to select a

single classifier from each cluster for combination. A

similarity measure has been used in [16] to select an

optimal classifier triplet from a pool of five classifiers. In

both examples, optimality of selections is not guaran-

teed although in [9] a partial optimality proof is pre-

sented. In the feature selection domain, Zenobi and
Cunningham [40] present a search based jointly on

individual performances and an ambiguity measure and

show its superiority to the search guided only by clas-

sifier performances. Although many other diversity

measures have been presented [22,29,32,37], as con-

cluded in [31], combined performance offers a much

more precise search while keeping the complexity at a

comparable level. Once settled on the performance
based classifier selection, the research effort focussed on

reducing the huge complexity of a search which in the

exhaustive scenario is of exponential order. Clustering

and selection approaches [18,24] offer huge computa-

tional savings however they nominate only a single lo-

cally best classifier for final classification. The same

applies to dynamic classifier selection shown initially by

Woods et al. [39] and further extensively investigated by
Giacinto and Roli in [7,8,10], where rather than using

fixed clusters, a single classifier is picked based on the

optimal performance in the closest neighbourhood of

the incoming pattern to be classified. Clustering based

and dynamic selection methods simplify the selection

process considerably, nonetheless they make the whole

model more complex and still do not guarantee even

locally the optimality of the search. The problem of
efficient but optimal or close to optimal selection based

on combined performance has been addressed in various

types of stochastic and evolutionary search algorithms.

Unlike for a small number of classifiers where the

selection can be done exhaustively [20,36], for large

numbers of classifiers genetic algorithms [3] have been

shown to be suitable for dealing with large and rough

search spaces [2,19,30] and proved superior to other
heuristic selection techniques [13,30]. Other evolutionary

based selection approaches including tabu search

[11,28,30], population-based incremental learning [1,30],
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showed comparable performance while offering faster

convergence of the algorithm. We believe and attempt to

prove experimentally that population based evolution-

ary algorithms fit well to the generally perceived classi-

fier selection problem.
The core element of classifier selection is a selection

criterion. Probably the most natural choice is the com-

bined performance as it is also the criterion for evalua-

tion of the combiner. An immediate drawback of using

performance as a selection criterion is its exponential

complexity if all combinations of classifiers are to be

evaluated. Among other problems, as some authors

claim, is that selecting classifiers according to combiner
performance is at high risk of overfitting phenomenon

[40]. Diversity measures together with all other team

strength measures represent an alternative to perfor-

mance based selection criterion [21,25,29]. In view of the

very weak correlation with combined performance

[29,37] it seems that the performance should be used

instead of diversity as a selection criterion or a measure

strongly exploiting the phenomena making a particular
combiner work. Nevertheless there are situations where

diversity guided search could be invaluable. The qua-

dratic complexity of pairwise measures offers direct

complexity payoffs if only well performing combinations

could be found. In other scenarios, performance based

selection may run into problems if the search space turns

out to be almost flat. This could happen if the classifiers

are similar and performing at comparable recognition
rate individually. Various diversity measures could then

potentially provide additional criteria for selection,

which may be particularly appreciated in relation to

generalisation ability. This case becomes even more

apparent if a performance driven selection algorithm

repeatedly results in perfect performances as in boosting

[4,34]. Diversity, which can be perceived in various more

or less combiner specific forms, becomes then the only
criterion for selection aimed at reducing generalisation

error. A comprehensive experimental work with 27

datasets and 15 classifiers is carried out and is aimed at

ultimate comparison of the quality of direct combiner-

error-based search and selection based on diversity

measures.

In relation to classifiers, selection should provide the

answers to which ones and/or how many classifiers to
select in order to obtain an optimal combined perfor-

mance of the selected subset. Important is the fact that

unless resulting in a single classifier, selection on its own

does not complete the system design since the selected

classifiers need to be further combined. To avoid dis-

sonance between selection model and the combiner,

selection method should be tuned to the combiner by

exploiting its characteristics. By analogy with the myth
of a universal classifier, an individual selection model

may be insufficient to extract the optimal combination

of classifiers, especially in the presence of large number
of classifiers to choose from. Following this analogy,

combining multiple selection algorithms or many results

from a single selector could address the overfitting

problem of individual selection and thus improve the

generalisation ability of the system. An example of such
system in which selection and fusion are recurrently

applied to a population of best combinations of classi-

fiers rather than the individual best, is proposed and its

properties investigated thoroughly.

The remainder of this paper is organised as follows.

Section 2 provides the overview of the selection model

and presents various selection criteria that can be ap-

plied. The following section covers search algorithms
used in classifier selection and provides a experimental

results evaluating the performance of search and the

appropriateness of selection criteria introduced. Section

4 presents a multistage selection–fusion model that has

been developed on the grounds of experimental findings

from previous section. Finally concluding remarks are

drawn in Section 5.
2. Selection model

2.1. Static vs dynamic selection

Classifier selection techniques fall into two general

methodologies. According to the first type called static

classifier selection (SCS), the optimal selection solution
found for the validation set is fixed and used for the

classification of unseen patterns. The whole analytical

effort is thus focussed on the extraction of the best

combination for the labelled validation set, which can

also be used for evaluation. The selection of classifiers in

SCS is fully based on the average performances obtained

for the labelled validation set, and thus complies with

the redundant ensembles type of combination.
In a more aggressive approach called dynamic clas-

sifier selection (DCS), the selection is done online, dur-

ing classification, based on training performances and

also various parameters of the actual unlabelled pattern

to be classified. In [39], Woods et al. proposed to select

the single classifier that shows the best performance in

the closest neighbourhood defined by an arbitrarily set

number of neighbouring training samples. Giacinto and
Roli [7,10] enriched the selection criterion by incorpo-

rating classifier outputs produced during classification.

In a weaker version of DCS, referred to as cluster and

select (CS), the input space is initially partitioned into

disjoint regions obtained by clustering the training data.

Then the best classifier for each cluster is identified and

selected to classify the new pattern if it falls into its re-

gion [18,24]. The CS approach is somewhat in between
SCS and DCS as the classifiers are selected dynamically

depending on the input space region into which the new

sample falls, but the regions are themselves static, set in
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advance during the training process. DCS and CS are an

integral part of combining by modular decomposition.

Of interest is the fact that both static and dynamic

selection approaches do not have to be exclusively ap-

plied for the multiple classifier system. In fact, knowl-
edge of the location of a new sample in the feature space,

that is ignored by SCS, can be used to localise the do-

main of the system analysis within which SCS can be

applied again. Effectively what this means is that rather

than selecting the locally best classifier the objective may

be reformulated to find the locally best combination of

classifiers. On this basis it seems that the strength of the

classifier selection component of MCS is independent of
its design and regardless of whether it is applied in SCS

or DCS combination model, its definition remains the

same: select the best subset of classifiers from the com-

plete ensemble. Based on the above considerations,

classifier selection investigated in this work will be

considered according to a static approach, which does

not restrict applying it to dynamic classifier selection

models.

2.2. Representation

In the context of classifier fusion, selection is in

general perceived as including only some classifiers for

further processing ultimately leading to the combination

output. More specifically, in most cases classifier selec-

tion simply means validation of selected classifier out-
puts to be combined, which could be also interpreted as

a binary weighting procedure. Weighting seems thus a

good generalisation of classifier selection although its

binary version looks somewhat distinct due to the

exclusion of unselected classifiers from further consid-

eration. Weighting proves beneficial when dealing with a

number of different combinations. Apart from consis-

tency and identifiability of individual classifiers within
different combinations it provides also a uniform plat-

form for any comparisons and joint processing that may

be required by the combiner or even the selection

algorithm. It will be shown that binary weighted repre-

sentation of classifier selection combined with binary

classifier outputs offer further advantages for multilayer

combining systems.

Given a system ofM classifiers: D ¼ fD1; . . . ;DMg, let
yi ¼ ½yi1; . . . ; yiM �T denote the joint output of a system

for the ith multidimensional input sample xi, where yij
denotes the output of the jth classifier for the ith input

sample. Assuming that oracle type (binary) outputs are

available, the meaning of the outputs takes the form

yij ¼ 0 for correct and yij ¼ 1 for error. Let

xi ¼ ½xi1; . . . ;xiM �T represent a weighting vector where

each xij indicates inclusion (xij ¼ 1) or exclusion
(xij ¼ 0) of the jth classifier in the decision fusion. Note

that a weighting vector xi represents in fact a specific

combination of classifiers which could vary from sample
to sample reflecting a truly general approach to classifier

selection complying with both SCS and DCS.

2.3. Selection criterion

The quality of the combined system based on the

selected classifiers relies mostly on the goodness of the

selection criterion. It is used for evaluation of various

joint properties of classifiers, in particular those relating

to or deciding directly about the combined performance

of the selected team of classifiers.

Individual best performance was always a universal

indicator for selection of the individual best classifier,
which although called into question recently is still the

simplest, yet reliable and robust option preferred in

industrial applications. The applicability of the indi-

vidual performance criterion for selection of classifiers is

very limited. The major problem is evaluation incon-

sistency as adding more and more poorer classifiers

could only produce worse combinations in the individ-

ual mean sense. In fact the only sensible option is using
individual performances for selection evaluated further

by the performance of the combiner. A simple example

of such a strategy is a selection of n best classifiers,

where combined performance could be used for evalu-

ation to determine the optimal value of n. A number of

these and other choose the best heuristic selection strat-

egies have been proposed by Partridge and Yates [26],

who concluded that although the computational com-
plexity of the classifier selection is greatly reduced, the

optimality of such heuristics is far from being guaran-

teed.

An obvious candidate for a selection criterion is a

measure of diversity. However in the light of the

extensive experimental evidence presented in [21,22,29,

32,37] showing very weak correlation between diversity

measures and combined performance, the major risk of
using them as selection criteria is simply picking the

most diverse and not best performing combinations.

Some intermediate measures aimed at modelling the

combined performance shown in [16,29] have naturally

greater chances for guiding better search. In fact, perfect

correlation with combined performance is not a neces-

sity, and taking generalisation aspects into account

could even correspond to overfitting. As a result diver-
sity measures that show at least some clear correlation

trends have the potential to become suitable selection

criteria. This is particularly the case when the objective

is to find a population of best classifier combinations

when the precise rank of individual combinations is not

of crucial importance.

The most natural interpretation of team optimality

with respect to a particular combiner is thus its best
performance possible. Using combiner performance di-

rectly as a selection criterion is precise, meaningful, and

allows for consistent comparisons of different classifier



D. Ruta, B. Gabrys / Information Fusion 6 (2005) 63–81 67
subsets regardless of the number of classifiers and their

individual performances. There are, though, two issues

that selection based on combined performance has to

deal with. First note that even if the selection algorithm

is capable of picking the optimal combinations, their
optimality can be only assessed for the training set for

which the labels are known and hence the performance

can be obtained. This means that once the optimal

combination is selected it may not necessarily remain

optimal for unseen data. As for individual classifiers, the

selector runs into the risk of performance degradation

due to the generalisation problem. To limit its effect the

true performance of the selector should be estimated on
a part of the training data which has not been used for

selecting the optimal combinations nor for training the

individual classifiers. Maintaining reasonable reliability

when dealing with static classifier selection requires

therefore larger than usual training sets. Another

problem that performance driven selection has to tackle

is the complexity which is of exponential order in the

case of exhaustive evaluation of all possible subsets of
classifiers. If, on top of that, the combiner is itself

complex, it could drastically slow down the search

algorithm or even lead to intractability for larger num-

bers of classifiers.

For the generality of our investigations, examples of

all aforementioned selection criteria will be evaluated in

the experimental section. As most of the measures are

based on the simple binary algebra the following sim-
plifications are introduced. Let Nab a; b ¼ f0; 1; �g de-

note the number of input samples, for which the

considered pair of classifiers produce the sequence of

outputs: fa; bg. The star denotes any of the outputs:

� ¼ 0 or 1. Note that N ¼ N��. Furthermore let mðxiÞ
denote the number of classifiers producing error for the

input sample xi. It can be expressed by

mðxiÞ ¼
XM
j¼1

yij; ð1Þ

where yij is the binary output from the jth classifier for

the ith input sample. Finally let ej ¼ 1
N

PN
i¼1 yij denote

the error rate of jth classifier and accordingly the

ensemble mean error rate be defined by

�e ¼ 1

M

XM
j¼1

ej: ð2Þ

2.3.1. Minimum individual error MIE

This measure represents the minimum error rate of

the individual classifier and promotes individual best

classifier selection strategy. Using the above denotations

the definition of MIE takes the simple form of

MIE ¼ minðejÞ: ð3Þ
2.3.2. Mean error ME

This measure takes the average from individual

classifier error rates within the ensemble and formally is

equal to mean error rate already defined in (2).

2.3.3. Majority voting error MVE

This measure is simply a measure of majority voting

error rate. Assuming that the majority voting applied

for individual sample returns the following outputs:

yMV
i ¼

1; if
PM
j¼1

yij P M
2
;

0; if
PM
j¼1

yij < M
2
;

8>>><
>>>:

ð4Þ

its error rate can then be formulated as

MVE ¼ 1

N

XN
i¼1

yMV
i : ð5Þ
2.3.4. Majority voting improvement MVI

Quite often a goodness of ensemble is measured in the

form of improvement of the combiner performance

compared to the individual mean classifier performance.
This measure can be quickly obtained from the follow-

ing rule:

MVI ¼ MVE	ME: ð6Þ
In such form negative values of MVI correspond to

improved performance of the MV compared to indi-

vidual mean error.
2.3.5. The correlation coefficient C2

Correlation is a well known statistical measure most
often applied to continuous variables [12]. For binary

classifier outputs its definition takes the form

C2ij ¼
N 11N 00 	 N 01N 10ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N 1�N 0�N �1N �0
p ;

C2 ¼ 2

MðM 	 1Þ
X

i;j¼1;...;M
i6¼j

C2ij:
ð7Þ
2.3.6. Product-moment correlation measure PM2

This measure was used by Sharkey and Sharkey [35]

as a guidance for selection of the most diverse neural

network classifiers. Adapting this measure to the binary

representation of outputs it can be defined as

PM2ij ¼
N 00ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N �0N 0�

p ;

PM2 ¼ 2

MðM 	 1Þ
X

i;j¼1;...;M
i6¼j

PM2ij:
ð8Þ
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2.3.7. The Q statistics Q2

Q statistics was used by Kuncheva et al. [23] for

assessing the level and sign of dependency between a

pair of classifiers with binary outputs, where )1 means

full negative dependence, +1 full positive dependence.
The measure is defined by

Q2ij ¼
N 11N 00 	 N 01N 10

N 11N 00 þ N 01N 10
;

Q2 ¼ 2

MðM 	 1Þ
X

i;j¼1;...;M
i6¼sj

Q2ij:
ð9Þ
2.3.8. The disagreement measure D2

The disagreement measure was used by Skalak [38] to

determine the diversity between two classifiers. It takes

the form of a ratio between the number of samples for

which the classifiers disagreed, to the total number of

observations. This can be written as

D2ij ¼
N 01 þ N 10

N
;

D2 ¼ 2

MðM 	 1Þ
X

i;j¼1;...;M
i 6¼j

D2ij:
ð10Þ
2.3.9. The double-fault measure F2

This measure was used by Giacinto and Roli [9] to

create a matrix of pairwise dependencies used for

selecting the least related classifiers. The measure esti-

mates the probability of coincident errors for a pair of

classifiers, which is

F2ij ¼
N 00

N
;

F2 ¼ 2

MðM 	 1Þ
X

i;j¼1;...;M
i6¼j

F2ij:
ð11Þ
2.3.10. The entropy measure EN

This measure was used by Kuncheva and Whitaker

[22] and shows the level of disagreement among the

outputs from a set of classifiers

EN ¼ 1

N

XN
i¼1

minfmðxiÞ;M 	 mðxiÞg
M 	 dM=2e : ð12Þ

The entropy measure reaches its maximum (EN¼ 1) for

the highest disagreement, which is the case of observing
bM=2c votes with identical value (0 or 1) and

M 	 bM=2c with the alternative value. The lowest en-

tropy (EN¼ 0) is observed if all classifier outputs are

identical.
2.3.11. The measure of difficulty DI

This measure originates from a study of Hansen and

Salomon [14] and was developed by Kuncheva and

Whitaker [22] for the case of binary classification out-

puts. Given the set of M classifiers, the measure can be
built on the basis of discrete error distribution

Z ¼ ½pzð0Þ; . . . ; pzðMÞ� defined in [33]. Namely, it mea-

sures the variance of the pzðjÞ components correspond-

ing to the normalised number of cases for which exactly

j errors were observed. This is defined as

DI ¼ 1

M

XM
j¼0

ðpzðjÞ 	 �pzÞ2: ð13Þ
2.3.12. Kohavi–Wolpert variance KW

This measure follows a similar strategy to the mea-

sure of difficulty. Namely, it measures the average var-

iance from binomial distributions of the outputs for

each classifier [17]. The measure can be simply calcu-

lated by

KW ¼ 1

NM2

XN
i¼1

½mðxiÞðM 	 mðxiÞÞ�: ð14Þ

It can be shown [22] that, for independent classifiers
KW ¼ M �DI, which derives from the definition of

variance of the joint binomial distribution.
2.3.13. Interrater agreement measure IA

This measure was developed in [6] to measure the

level of agreement while correcting the chance (see [6]

for details). Using the notation presented above it can be

expressed as

IA ¼ 1	
PN

i¼1 mðxiÞðM 	 mðxiÞÞ
NMðM 	 1Þ�eð1	 �eÞ : ð15Þ
2.3.14. Fault majority measure FM

This measure was proposed by Ruta and Gabrys [29]

and uses partial error distributions (PDED) expressing

for each classifier the degree it contributes to different

levels of ensemble error coincidences. The measure sums

up only those PDED components that could contribute
to majority voting error for a considered subset of

classifiers i.e. for error coincidences with at least dM=2e
errors and coming from dL=2e locally best classifiers.

Formally, the measure is defined as follows:

FM ¼
XL

j¼dL=2e

XdL=2e
i�¼1

zi�j; ð16Þ

where index i� refers to the classifiers sorted according to

their values of zij for the fixed coincidence level j. Fur-
ther details on FM measure can be found in [29].
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2.3.15. Generalized diversity GD

Looking at multiversion software failures, Partridge

and Krzanowski [25] introduced the probability of k
random versions failing simultaneously pðkÞ. Denoting

further by pk probability of exactly k among M versions
failing on a random input, they showed that

pðkÞ ¼
XM
j¼1

j
M

j	 1

M 	 1
� � � j	 k þ 1

M 	 k þ 1
pj: ð17Þ

Partridge and Krzanowski claimed that maximum

diversity is observed when for a random pair of versions

a failure of one version is always accompanied by a

correct output of the other (pð2Þ ¼ 0), whereas the
minimum diversity reflects identical failures for any two

versions (pð2Þ ¼ pð1Þ). Based on these assumptions they

proposed a simple generalised diversity (GD) measure:

GD ¼ pð1Þ 	 pð2Þ
pð1Þ ¼ 1	 pð2Þ

pð1Þ ; ð18Þ

ranging between 0 (minimum diversity) and 1 (maxi-

mum diversity).

2.3.16. Coincident failure diversity CFD

To account for higher order failure coincidences,
Partridge and Krzanowski [25] developed coincident

failure diversity (CFD) defined by

CFD ¼
1

1	p0

PM
j¼1

M	j
M	1

pj; p0 < 1;

0; p0 ¼ 1;

8<
: ð19Þ

which again gives maximum diversity (CFD¼ 1) when

at most one version fails on any input and minimum

diversity when all versions are always either correct or

wrong.
3. Search algorithms

3.1. Heuristic techniques

As mentioned above, one of the simplest yet most
reliable and therefore industrially preferred, selection

strategies is called single best (SB). Investigated for-

mally in [26] but simple enough to be considered else-

where SB has a number of different variations. In the

standard version the classifier showing best perfor-

mance over a validation set is selected to classify any

new patterns to be classified. In a more extended

implementation called N best (NB) an arbitrarily large
number of best performing classifiers are selected. To

validate the best N the combinations are evaluated by

the combined performance and the optimal N is se-

lected.
3.1.1. Single best (SB)

Selection of the best performing classifier is the sim-

plest and quite often justified choice. Assuming that

O(1) represent an evaluation of a single combination SB

is undoubtedly the simplest linearly complex search,
OðMÞ, with the lack of lack of subsequent combining. In

such an approach the combiner is not applied and hence

the performance of the SB method is often presented as

a reference level that combining methods are trying to

challenge. In the experimental section, the SB selection

will be applied exactly for the same purpose, which is to

evaluate the usefulness of combining classifiers.

3.1.2. N best (NB)
Selection of N best classifiers is also very cheap

computationally. It requires to sort classifiers according

to their performance and then to check how many best

performing classifiers form the optimal ensemble.

Effectively it requires examining single best classifier, a

pair of best classifiers, best three classifiers and so on, up

to complete ensemble of M classifiers. The complexity of
such process (associated with a number of performance

evaluations) would retain a linear order of OðMÞ, al-
though in this case combiner performance has to be

checked for 2M 	 1 combinations (M singletons and

M 	 1 ensembles). In our case, due to the requirement of

having an odd number of classifiers, the NB selection is

even simpler as only combinations of odd numbers of

classifiers (1; 3; . . . ;M) have to be evaluated.

3.2. Greedy approaches

In NB selection consecutive combinations are built

according to the information about individual classifier

performances. There is a possibility though, that adding

a pair of best performing classifiers is not the optimal

choice. Greedy approaches concentrate on adding or
removing a specific classifier so that the improvement in

the combiner performance is maximal. In the majority

voting case, a pair of classifiers has to be considered as a

minimum additive element such that the odd number of

classifiers in the combination is preserved.

3.2.1. Forward search (FS)

Forward search is the most intuitive greedy algo-
rithm. Starting from a single best classifier at each iter-

ation a pair of classifiers, that maximally reduces the

majority voting error, is sought. If MVE cannot be re-

duced for any pair of classifiers the algorithm stops with

the combination built so far. The MVE is the most

intuitive criterion for selection but in general any mea-

sures of optimality can be incorporated as selection

criteria. Note that at each iteration, evaluation of the
selection criterion for all possible pairs of remaining

classifiers imposes quadratic complexity. The overall

complexity of the FS algorithm is therefore of OðM3Þ.
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Despite its relatively high complexity, FS does not

guarantee the optimality of the combination found.

3.2.2. Backward search (BS)

Backward search represents a symmetrical to FS
greedy approach to classifier selection. The algorithm

starts with the whole ensemble of M classifiers and each

iteration involves searching for a pair of classifiers from

the combination that if removed, causes maximum

improvement in the combiner performance or any other

measure used as a selection criterion. BS shares the cubic

complexity OðM3Þ of the FS algorithm.
3.3. Evolutionary algorithms

Greedy approaches are often reported to get caught

in local maxima [5]. In classifier selection the problem of

local maxima could be even more apparent due to the

large and quite rough search spaces. Evolutionary

algorithms working on the basis of the population of

solutions have been shown to deal well with such cases
[1–3,11,13,19,30]. The three algorithms are presented in

this domain: genetic algorithm [3], stochastic hill-

climbing search [11] and population-based incremental

learning [1]. All of them use binary representation of

selection solutions introduced in Section 2.2 and pro-

duce a number of best classifier combinations found as

an output. These algorithms have been adjusted to

accommodate the constraint of the odd number of
classifiers and to control the uniqueness of solutions

within the population.
3.3.1. Genetic algorithm (GA)

The genetic algorithm was developed in 1970s by

Holland [15] as an effective evolutionary optimisation

method. Since that time, intensive research has been

dedicated to GAs, bringing lots of applications in the
machine learning domain [2,3,13,19,30]. Despite the

tremendous number of varieties of GAs, its underlying

principles remain unchanged. Chromosomes––the core

GA units have been used as a binary encoded repre-

sentation of the solutions to the optimisation problem.

A randomly initialised population of chromosomes is

then evaluated according to the required fitness function

and assigned a probability of survival proportional to
their fitness. The best chromosomes are most likely to

survive and are allowed to reproduce themselves by

recombining their genotype and passing it on to the next

generation. This is followed by a random mutation of

some bits, which was designed to avoid premature

convergence and enables the search to access different

regions of search space. The whole process is repeated

until the population converges to a satisfactory solution
or after a fixed number of generations. The GA is in-

spired by and takes strength from an explicit imitation
of biological life, in which the strongest (fittest) units

survive and reproduce further constantly adjusting to

the variable conditions of living.

There are several problems in adopting GAs for

classifier selection. The major problem stems from the
constraint of the odd number of classifiers that has to be

imposed. To keep the number of selected classifiers odd

throughout the searching process, we propose a specific

design of the crossover and mutation operators. Muta-

tion is rather easy to implement as assuming an existing

odd number of classifiers set randomly during initiali-

sation, this odd number of selected classifiers can be

preserved by mutating a pair of bits or in general any
even number of bits. Crossover is much more difficult to

control that way. To avoid making the GA too complex,

crossover is performed traditionally and after that, if the

offspring contains even number of classifiers one ran-

domly selected bit is additionally mutated to bring back

the odd number of 1’s in the chromosome. To increase

exploration ability of the GA, an additional operator of

‘pairwise exchange’ has been introduced, which simply
swaps a random pair of bits within the chromosome

preserving the same number of classifiers. In order to

preserve the best combinations from generation to

generation we applied a specific selection rule, known as

elitism, according to which populations of parents and

offsprings are put together and then regardless of age a

number of best chromosomes equal to the size of pop-

ulation is selected for the next generation. As an attempt
to address generalisation problems, a simple diversifying

operator has been developed. It forces all chromosomes

to be different from each other (unique), by mutating

random bits until this requirement is reached. The

complete algorithm can be defined as follows:

1. Initialise a random population of n chromosomes.

2. Calculate the fitness for each chromosome.
3. Perform crossover and mutate single bits of offsprings

with even number of 1’s.

4. Mutate all offsprings at randomly selected points.

5. Apply one or more pairwise exchanges for each off-

spring.

6. Pool offspring and parents together and select n best,

unique chromosomes for the next generation.

7. If convergence then finish, else go to step 2.

Although this particular implementation of GA rep-

resents a hill-climbing algorithm, multiple mutation and

pairwise exchange together with the diversification

operator substantially extend the exploration ability of

the algorithm. The convergence condition can be asso-

ciated with the case when no change in the average fit-

ness is observed for an arbitrarily large number of
generations. Preliminary comparative experiments with

real classification datasets confirmed the superiority of

the presented version of the GA to its standard defini-
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tion and highlighted the importance of diversification

operator for the classifier selection process.

3.3.2. Stochastic hill-climbing search (SS)

Stochastic hill-climbing search in its standard form is
not a population-based algorithm yet shares some sim-

ilarities with GAs particularly in the encoding of the

problem and resembles Tabu search [11,28]. Instead of a

population, it uses only a single chromosome, mutated

randomly at each step. Due to this fact there can be no

crossover and the only genetic change is provided by

mutation. This limits strongly the ability of the algo-

rithm to jump into different regions of the search space.
Moreover, the changes are accepted only if the new

chromosome is fitter than its predecessor. Such direct

searching usually reaches convergence much faster than

a typical GA, but on the other hand, a global optimum

may not be found, as it simply may be unreachable from

the initial conditions. Effectively, the stochastic search in

its original version quite easily gets trapped in local

optima. This problem is usually resolved through mul-
tiple searches run from different starting points and the

best result is taken as the final solution. However, this

operation drastically increases time of searching and

eliminates the speed of searching, as is an attractive

feature of SS. Another possibility is to introduce mul-

tiple consecutive mutations, or perform several differ-

entiating operators before the fitness is examined.

Similarly to the solution promoted for the case of GA,
mutation together with the pairwise exchange is intro-

duced for SS to increase its exploration abilities. Simi-

larly to GA, rather than a single best solution, the

population of the best chromosomes are retained, for

which the diversifying operator ensures that no dupli-

cated solutions are stored. The presented version of SS

algorithm can be described in the following steps:

1. Create a single random chromosome.

2. Mutate the chromosome at randomly selected one or

many points.

3. Apply one or more pairwise bit exchanges.

4. Test the fitness of the new chromosome: if it is fitter

than its predecessor, then the changes are accepted,

else the changes are rejected.

5. Store the new chromosome if it is among n unique
best solutions found so far.

6. If convergence then finish, else go to step 2.

As for the previous algorithm, the convergence con-

dition is satisfied if a pool of n best solutions is not

changed for a fixed number of generations.

3.3.3. Population-based incremental learning (PBIL)

Stochastic search represents a fast hill-climbing

algorithm. However due to the lack of crossover oper-

ator, even after many adjustments, the algorithm par-
tially loses the ability to explore the whole search space.

We would like the search algorithm to have the ability of

reaching most points of the search space, while keeping

convergence at a satisfactory level. An algorithm offer-

ing these properties is called population-based incre-
mental learning (PBIL) [25]. It also uses a population of

chromosomes, sampled from a special probability vec-

tor, which is updated at each step according to the fittest

chromosomes. The update process of the probability

vector is performed according to a standard supervised

learning method. Given the probability vector

p ¼ ½p1; . . . ; pM �T, and population of chromosomes

P ¼ ½v1; . . . ; vC�, where vj ¼ ½xj1; . . . ;xjM �T, each prob-
ability bit is updated as in the following expression:

pnewi ¼ poldi þ Dpi; Dpi ¼ g

PC
j¼1 xji

C

 
	 pi

!
; ð20Þ

where j ¼ 1; . . . ;C, i ¼ 1; . . . ;M refers to the C fittest

chromosomes found and g controls the magnitude of the

update. A number of best chromosomes taken to update
the probability vector together with the magnitude factor

g control a balance between the speed of reaching con-

vergence and the ability to explore the whole search

space. According to the standard algorithm, the only

information that remains after each step is the probability

vector, fromwhich the chromosomes are generated. Note

that convergence means that Dpi ! 0, which implies

pi ! xji for all the chromosomes in the population. This
means that after convergence the probability vector be-

comes the selection proposition xj, which is supposed to

be the outcome of searching. As for previous algorithms

we adjust the standard PBIL to search for an arbitrary

number of unique best chromosomes preserving odd

number of unit genes. The uniqueness of the chromo-

somes is again controlled by a diversification operator

introduced for the previous algorithms. The complete
PBIL algorithm can be described in the following steps:

1. Create a probability vector of the same length as the

required chromosome and initialise it with values of

0.5 at each bit.

2. Create a population of chromosomes according to

the probability vector.

3. Evaluate fitness of sample by calculating MVE for
the combinations defined by the chromosomes.

4. Update the probability vector using (20).

5. Update the pool of the n best unique solutions.

6. If all elements in probability vector are 0 or 1 then

finish, else go to step 2.

PBIL algorithm does not use any genetic operators

observed in GA. However it contains a specific mecha-
nism that allows exploiting beneficial information from

generation to generation, and therefore preserves the

directed search elements of evolutionary algorithms.



Table 1

A list of classifiers used in the experiments

No Name Description

1 klclc Linear classifier using KL expansion of common

covariance matrix

2 loglc Logistic linear classifier

3 fisherc Fisher’s least square linear classifier

4 ldc Linear discriminant classifier

5 nmc Nearest mean classifier

6 qdc Quadratic Bayes normal classifier

7 quadrc Quadratic discriminant classifier

8 pfsvc Pseudo-Fisher support vector classifier

9 knnc K-nearest neighbour classifier
10 parzenc Parzen density based classifier

11 subsc Subspace classifier

12 treec Decision tree classifier

13 lmnc Levenberg–Marquardt neural network classifier

14 rbnc Radial basis neural network classifier

15 bpxnc Feed forward neural network classifier with back-

propagation

Table 2

A list of datasets used in the experiments

Name Size #Train #Test #Feat #Class

iris 150 150 0 4 3

wine 178 178 0 13 3

biomed 194 194 0 5 2

sonar 208 208 0 60 2

glass 214 214 0 10 6

thyroid 215 215 0 5 3

synthetic 1250 250 1000 2 2

azizah 291 291 0 8 20

liver 345 345 0 6 2

ionosphere 351 351 0 34 2

cancer 569 569 0 30 2

diabetes 768 768 0 8 2

conetorus 800 400 400 2 3

vehicle 946 946 0 18 4

chromo 1143 565 578 8 24

segment 2310 1000 1310 19 7

concentric 2500 1000 1500 2 2

gauss2 5000 1000 4000 2 2

gauss4 5000 1000 4000 4 2

gauss8 5000 1000 4000 8 2

clouds 5000 1000 4000 2 2

phoneme 5404 1000 4404 5 2

texture 5500 1000 4500 40 11

satimage 6435 1000 5435 36 6

cbands 12,000 1000 11,000 30 24

shuttle 58,000 1000 57,000 9 7

letters 20,000 1000 19,000 16 26

Table 3

Individual best classifier errors (%) for 27 available datasets

Dataset EV ET EV!T Val best Test best

iri 2.56 2.29 2.29 4 4

win 1.22 1.76 1.76 6 6

bio 9.35 9.57 9.59 7 6

son 16.46 15.58 15.58 8 8

gla 2.02 1.80 1.80 8 8

thy 3.78 3.70 3.70 15 15

syn 12.86 13.44 13.67 9 10

azi 31.16 30.27 30.27 3 3

liv 32.28 32.23 32.27 15 2

ion 5.73 5.78 5.93 7 6

can 2.89 2.81 2.81 8 8

dia 23.15 23.08 23.08 2 2

cnt 16.59 15.91 15.91 10 10

veh 16.56 16.35 16.35 6 6

chr 52.03 52.89 52.89 6 6

seg 7.74 7.57 7.57 8 8

cnc 1.22 1.05 1.05 15 15

ga2 26.72 26.24 26.24 7 7

ga4 18.15 18.49 18.50 7 6

ga8 9.90 10.32 10.32 6 6

clo 11.38 11.25 11.25 10 10

pho 16.65 16.51 16.51 8 8

tex 0.45 0.50 0.50 4 4

sat 14.95 15.45 15.45 10 10

cba 26.85 26.69 26.69 4 4

shu 1.53 1.54 1.54 8 8

let 26.19 26.21 26.21 6 6

The first three columns correspond to errors obtained for SB method

applied to validation matrix, testing matrix and validation matrix but

tested on the testing matrix. The following two columns show the index

of the best classifier evaluated separately in BV and BT matrices.
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3.4. Experimental investigations

A comprehensive series of experiments with 15 clas-

sifiers (see Table 1) from PRTOOLS 1 applied to 27
datasets (see Table 2 for details) have been carried out to
1 Pattern Recognition Toolbox (PRTOOLS 3.0) for Matlab 5.0+,

implemented by R.P.W. Duin, available free at ftp://ftp.ph.tn.tud-

elft.nl/pub/bob/prtools.
examine both the quality of the search algorithms and

the relevance of the selection criteria. The classifiers
have been trained on training sets and tested on separate

testing sets producing outputs which have been hard-

ened to the binary form: 0-correct, 1-incorrect. To in-

crease reliability the experiments for each dataset have

been repeated 100 times for different splits between

training and testing sets. The resulting binary outputs

have been organised in a form of binary matrices B that

have been further split into validation BV and testing BT

matrices, such that their sizes are approximately the

same, equal to N=2�M . The selection process is carried

out on the validation matrix BV and the testing matrix

BT is used to evaluate the performance of the combiner

applied to selected classifiers. Initially, the heuristic

methods SB and NB are applied to all the matrices.

These two selection methods have been separated from

the rest as they can operate only on the criterion of
individual classifier performances. Surprisingly, it

turned out that NB returned the individual best classifier

for all the datasets and thus was equal to the SB selec-

tion. For that reason Table 3 presents the selection re-

sults only for the SB method. As is apparent from the

results, out of 27 datasets in five cases the best classifier

selected for the validation set is different than the best

http://ftp://ftp.ph.tn.tudelft.nl/pub/bob/prtools
http://ftp://ftp.ph.tn.tudelft.nl/pub/bob/prtools


Table 4

Summary of searching methods, selection criteria and datasets used in

experiments

No Searching methods Selection criteria

1 ES––Exhaustive search SB––Single best

2 RS––Random search ME––Mean classifier error

3 FS––Forward search MVE––Majority voting error

4 BS––Backward search MVI––Majority voting improve-

ment

5 SS––Stochastic search C2––Correlation

6 GS––Genetic search PM2––Product moment correlation

7 PS––PBIL search D2––Disagreement measure

8 F2––Double-fault measure

9 Q2––Q statistics measure

10 DI––Difficulty measure

11 EN––Entropy measure

12 IA––Interrater agreement

13 KW––Kohavi–Wolpert variance

14 GD––Generalised diversity

15 CFD––Coincident failure diversity

16 FM––Fault majority
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classifier for the testing set. In general the scale of such

dissonance depends on many factors including number

of classifiers, classes, data size and complexity of the

problem.

3.4.1. Evaluation of selection criteria

In the first experiment, greedy and evolutionary

searching methods have been applied to binary matrices.
For comparison, an exhaustive search (ES) and random

search (RS) methods have been included in the experi-

ment. The RS method first randomly picks the odd

number of classifiers and then randomly selects required

classifiers. For each dataset from Table 2, a combination
Table 5

Majority voting errors obtained for best combinations of classifiers selected

Criteria ES RS FS BS

SB 14.41 18.01 14.41 16.62

ME 14.41 15.11 14.41 14.91

MVE 13.93 14.24 13.95 13.95

MVI 16.07 16.83 16.24 15.76

C2 30.11 27.05 23.11 17.25

PM2 19.95 20.07 14.41 16.80

D2 21.89 19.09 14.97 15.64

F2 15.08 15.25 15.15 14.49

Q2 30.51 25.46 19.23 17.83

DI 32.87 20.43 14.44 16.50

EN 21.57 21.69 16.05 18.08

IA 25.52 23.99 23.94 16.75

KW 25.20 23.42 17.61 17.83

GD 23.72 21.33 17.95 16.08

CFD 21.64 19.99 16.42 14.94

FM 15.07 15.05 15.07 14.75

Average 21.37 19.81 16.71 16.14

The results are averaged over 27 datasets. The bottom row and right-most co

selection criteria, respectively.
of 7 selection methods with 16 different selection criteria

as summarised in Table 4.

In all experiments, we used the same parameters in

the algorithms, for which preliminary experiments

showed the best results. Both PBIL and GA used 50
chromosomes in the population. In SS and GA, single

bit mutation was applied together with single pairwise

exchange operation. The learning rate for PBIL was set

to g ¼ 1. To be able to compare the algorithms in terms

of efficiency, in all experiments, the algorithms finished

the run after examining a fixed number of chromo-

somes, which was used instead of specifying convergence

conditions.
The criteria of selection were examined in the first

instance. For this purpose, the results have been aggre-

gated over the datasets and reduced thus to a matrix of

size 16 · 7 containing average majority voting errors for

the best combinations found by specific searching

method using specific selection criterion. These results

are shown in Table 5 and depicted in Fig. 1.

The results clearly show that searching directly
according to the combiner error is optimal and returns

well performing combinations. Virtually all the search

algorithms work well with this criterion and the com-

binations of classifiers they return are very similar or

identical to the optimal combinations found by

exhaustive search. The results related to other criteria

confirm our assumptions based on the analysis of the

correlation between majority voting error and various
diversity measures carried out in [29]. The measures

weakly correlated with MVE perform badly as a clas-

sifier selection criteria. The measures with better corre-

lation with MVE (ME, F2, FM) guide the selection

process much better, although the performance of the
by various searching methods (columns) and selection criteria (rows)

SS GS PS Average

17.74 18.61 18.17 16.85

14.42 14.49 14.41 14.59

13.97 13.94 13.94 13.99

16.44 16.22 16.25 16.26

30.05 29.20 30.11 26.69

19.69 20.15 20.03 18.73

17.02 17.20 16.83 17.52

15.03 15.05 15.23 15.04

27.89 27.80 30.23 25.57

19.97 30.96 32.87 24.01

21.16 21.61 21.57 20.25

25.23 25.57 25.52 23.79

22.38 25.22 25.20 22.41

18.24 22.08 22.81 20.32

16.96 23.29 20.03 19.04

15.17 14.84 15.07 15.00

19.46 21.01 21.14

lumn show the averaged values of MVE for the searching methods and



Fig. 1. Visualisation of the majority voting errors presented in Table 5.

The lighter the field the lower the majority voting error. Details of

classifiers and datasets are provided in Tables 1 and 2.
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combinations found as a result of their use is on average
around 1% worse than the performance of the combi-

nations found using directly MVE measure. Additional

drawbacks of using diversity measures as a selection

criteria stem from the fact that most of them are not

invariant to the size of combinations, which means they

may mislead the search algorithm. An interesting phe-

nomenon has been observed for greedy searches which

for most of selection criteria resulted in a singleton or
complete ensemble combinations. Surprisingly, the

greedy rule turns out to be a property that prevents from

misleading effects of using diversity measures. Taking

this fact into account, although results indicate that

greedy searches perform the best on average, it should

be rather said that greedy algorithms are the most

resistant to bad selection criteria. The fact worth noting

though is that both the selection of individual best
classifier or the whole ensemble are quite good and

usually reliable solutions. Comparison of the results for

the MVE as a selection criterion shows that, apart from

random search, all searching methods perform very well

with GS and PS almost reaching the level of perfor-

mance obtained for the optimal exhaustive search.

Similar results from search algorithms with MVE

selection criterion do not necessarily prove the excel-
lence of the implemented methods. It may also be the

result of a very flat search space where a large amount of

different solutions share the same performance. This

phenomenon is certainly present in the classifier selec-

tion process where swapping only a single classifier

changes the solution of the selection process but leaves

the performance of the updated combination virtually

unchanged.
As the MVE decisively appears to be the best selec-

tion criterion, we ignore other measures in subsequent

analysis and focus on the properties of classifier selec-

tion based on MVE measure.
3.4.2. Searching method evaluation

In terms of the number of returned solutions the

presented search algorithms can be divided into indi-

vidual and population-based methods. The heuristic

(SB, NB) and greedy (FS, BS) search algorithms due to
their nature are capable of returning only one optimal

combination of classifiers. All remaining searching

methods either are naturally operating on the popula-

tion of solutions (GA, PBIL) or can be easily adjusted to

do so, just by keeping track of the combinations passed

by the algorithm (SS, ES, RS). To start with, Table 6

presents the optimal combinations of classifiers found

by exhaustive search for all the datasets. These results
provide some initial characteristics of the classifier

selection problem. First of all, for around 25% of the

datasets, picking the individual best performing classi-

fier is the optimal selection strategy. Secondly the size of

the optimal combinations of classifiers may vary, though

smaller subsets of classifiers appear to be more suc-

cessful. Moreover, despite large sizes of the matrices of

outputs, differences between validation and testing
matrices cause inconsistencies in the selection optimal-

ity. As a result of such simulation of the generalisation

problem, we see that optimal combinations for valida-

tion and testing matrices can be different, causing loss of

performance by up to 1% for some datasets.

All the searching methods are further compared in

terms of the majority voting error obtained for the best

combinations they found. For the SB, FS and BS only
the results for the single best combination are shown

while for population-based GS, RS, GA and PS the

results for both individual best and mean from 50 best

combinations are presented. To ensure uniqueness of the

combinations for the population-based search algo-

rithms, a diversifying operator has been applied that

mutates duplicate binary selection vectors until they are

unique in the population. The searching results for the
27 datasets are shown in Table 7 for the validation

matrices and the corresponding testing errors are shown

in Table 8. The dynamics of the errors for 50 best

combinations in population-based methods is further

depicted in Fig. 2 for selected datasets. The first thing to

note is that PS almost always finds the optimal combi-

nation and hence its average performance is virtually

equal to the exhaustive search. Another observation is
that FS and BS are well performing greedy algorithms,

which surprisingly outperformed the genetic algorithm

search. In terms of the population of the best solu-

tions, PBIL search reinforces its leading position with a

quality very close to the exhaustive search quality. As

expected, GS outperformed SS in terms of the aver-

age performance of the 50 best combinations found,

despite SS returning on average better individual best
combinations. The generalisation errors presented in

Table 8 and shown in thin grey lines in Fig. 2 show

even more surprising results. Greedy algorithms FS and



Table 6

Best combination of classifiers found by the exhaustive search from the ensemble of 15 classifiers

Dat. EV ET EV!T Val. combination Test combination

iri 1.97 1.60 1.60 1 5 11 1 5 11

win 0.82 1.13 1.33 2 4 5 6 7 14 15 2 3 5 6 14

bio 9.18 9.40 9.53 2 5 6 7 14 1 2 6 7 10

son 16.43 15.44 16.38 5 6 8 9 11 12 15 8 9 15

gla 2.01 1.72 1.79 8 5 8 9

thy 3.37 2.88 3.05 2 7 8 11 15 7 11 15

syn 12.28 13.15 13.34 2 5 9 10 13 9 10 14

azi 30.76 29.53 30.85 1 3 9 3 6 9

liv 29.06 28.56 29.14 1 4 5 7 9 11 12 13 15 2 4 6 8 9 11 12 13 15

ion 4.87 4.65 4.65 6 7 8 12 13 6 7 8 12 13

can 2.72 2.70 2.73 1 8 9 13 15 2 7 8 9 10 13 15

dia 22.95 22.90 23.00 1 2 3 5 10 11 12 13 15 1 2 3 4 5 10 11 12 13 14 15

cnt 15.70 15.71 15.76 5 7 8 10 12 5 8 10 12 13

veh 16.55 16.35 16.35 6 6

chr 52.03 52.88 52.88 6 6

seg 5.41 5.53 5.56 3 6 9 11 12 3 4 6 8 9 11 12

cnc 1.21 1.05 1.05 15 15

ga2 26.71 26.24 26.24 7 7

ga4 18.12 18.46 18.47 6 7 13 6 7 8

ga8 9.89 10.32 10.32 6 6

clo 11.17 11.10 11.28 10 13 15 10 12 13

pho 16.55 16.50 16.68 6 8 12 8

tex 0.30 0.32 0.37 1 2 3 4 6 7 11 2 3 4 6 11

sat 14.50 14.96 15.00 5 6 8 9 10 1 6 8 9 10

cba 25.56 25.67 25.67 4 7 10 4 7 10

shu 1.14 1.14 1.14 8 11 12 8 11 12

let 26.18 26.20 26.20 6 6

Columns 2–4 present the MVE values for the best combination found in the validation matrix, testing matrix and validation best tested on the testing

matrix, respectively. Columns 4 and 5 show indices of the classifiers forming the best validation and testing combinations. Details of classifiers and

datasets are provided in Tables 1 and 2.
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BS showed the best average results for individual com-

binations apparently outperforming the exhaustive

search. This may indicate that exhaustive search leads to

overfitting the search space. Both validation and testing
results for the populations of 50 best combinations

shown in Fig. 2 confirm the ranking of searching

methods: PS, GS, SS, obtained for the validation

matrices, although SS seems to outperform GS for

the first 20 best combinations. Despite applied aggre-

gation, the performances of the unstable testing per-

formance among the best combinations, illustrated by

thin grey lines in Fig. 2 indicate the level of generalisa-
tion problems involved. The thick lines in Fig. 2 show-

ing evolution of the 50 best combinations illustrate the

dynamics of the increase in MVE for the validation

sets for which the searching was carried out. For all the

above experiments the performance reliability mea-

sured as a variance of obtained performances over 100

different splits between training and testing sets has been

carried out. The reliability results remain consistent
with our previous work [30] and due to lack of presen-

tation space have been skipped here. However, on

average a consistent reduction of the variance in per-

formance is observed for larger combinations and

even further for the combinations of combinations of

classifiers.
4. Multistage selection–fusion model (MSF)

The classifier selection models analysed so far in-

volved searching for the optimal combination of classi-
fiers and apply the fusion method on their outputs for

the final classification results. Moreover, some potential

generalisation losses of performance have been shown

for the exhaustive search, and these seem to be equally

harmful for other searching methods picking a single

combination as a result. Greedy algorithms have been

identified as relatively good generalisers, however, they

are still capable of returning only individual best com-
bination and are still quite complex: cubically OðM3Þ in
the current implementation or quadratic if ties are re-

solved. On the other hand the complexity of population-

based searching methods can be flexibly adjusted

depending on the size of the population and the number

of generations to proceed. Furthermore, the fact that

these algorithms return populations of best combina-

tions can potentially be exploited to prevent general-
isation problems. A majority voting combiner based on

binary classifier outputs has the capacity to incorporate

many combinations of classifiers. This is possible as a

combination of classifiers is in fact a combination of

columns from the binary matrix of outputs and majority

voting applied to such a combination returns a column



Table 7

Validation errors (obtained from the validation matrices) of the majority voting combiner obtained for the best combinations and mean from 50 best

(if possible) combinations of classifiers found by 8 different search algorithms for 27 datasets

Dat. ES SB RS FS BS SS GS PS

1b 50b 1b 1b 50b 1b 1b 1b 50b 1b 50b 1b 50b

iri 1.97 2.40 2.56 2.42 2.57 2.13 1.97 1.97 2.46 2.13 2.45 1.97 2.42

win 0.82 0.94 1.22 0.93 1.13 0.91 0.82 0.86 1.01 0.86 0.99 0.82 0.95

bio 9.18 9.32 9.34 9.32 9.78 9.30 9.22 9.18 9.43 9.24 9.39 9.18 9.33

son 16.43 16.73 16.45 16.57 17.34 16.45 16.45 16.43 16.90 16.43 16.79 16.43 16.77

gla 2.01 2.13 2.01 2.07 2.42 2.01 2.07 2.03 2.16 2.03 2.15 2.03 2.13

thy 3.37 3.55 3.77 3.50 3.85 3.40 3.40 3.37 3.66 3.37 3.58 3.37 3.56

syn 12.28 12.52 12.85 12.49 12.83 12.42 12.34 12.34 12.60 12.39 12.59 12.28 12.55

azi 30.76 31.58 31.15 31.37 33.35 30.76 30.76 30.76 31.90 30.76 31.73 30.76 31.62

liv 29.06 29.30 32.27 29.16 29.55 29.06 29.13 29.06 29.41 29.06 29.37 29.06 29.35

ion 4.87 5.26 5.72 5.13 6.27 4.87 4.87 4.87 5.40 4.87 5.39 4.87 5.28

can 2.72 2.79 2.89 2.72 2.92 2.72 2.78 2.72 2.82 2.72 2.82 2.72 2.80

dia 22.95 23.04 23.15 23.09 23.17 22.95 22.95 22.95 23.09 22.95 23.07 22.95 23.05

cnt 15.70 16.01 16.58 16.07 16.76 15.86 15.70 15.70 16.21 15.70 16.07 15.70 16.02

veh 16.55 17.30 16.55 17.36 19.13 16.55 16.55 16.55 17.36 16.62 17.43 16.55 17.34

chr 52.03 54.18 52.03 54.39 57.50 52.03 52.03 52.03 54.82 52.56 54.57 52.03 54.36

seg 5.41 5.74 7.74 5.41 6.34 5.45 5.41 5.41 5.90 5.41 5.81 5.41 5.75

cnc 1.21 1.66 1.21 1.63 1.94 1.21 1.21 1.21 1.68 1.21 1.70 1.21 1.66

ga2 26.71 26.86 26.71 26.82 27.22 26.71 26.71 26.73 26.95 26.71 26.89 26.73 26.88

ga4 18.12 18.37 18.15 18.15 19.15 18.12 18.14 18.12 18.45 18.12 18.41 18.12 18.39

ga8 9.89 10.35 9.89 10.54 11.63 9.89 9.89 9.89 10.64 9.89 10.45 9.89 10.38

clo 11.17 11.45 11.38 11.24 12.14 11.17 11.17 11.17 11.50 11.17 11.48 11.17 11.46

pho 16.55 17.04 16.64 16.98 17.90 16.55 16.72 16.55 17.26 16.55 17.09 16.55 17.04

tex 0.30 0.35 0.45 0.34 0.44 0.32 0.30 0.32 0.37 0.30 0.36 0.30 0.35

sat 14.50 14.79 14.94 14.74 15.47 14.50 14.50 14.50 14.83 14.50 14.88 14.50 14.80

cba 25.56 27.10 26.84 27.06 29.07 25.56 25.56 25.56 27.44 25.56 27.32 25.56 27.11

shu 1.14 1.44 1.52 1.42 1.75 1.14 1.14 1.14 1.46 1.14 1.46 1.14 1.45

let 26.18 28.37 26.18 27.96 32.11 26.18 26.18 26.67 28.62 26.67 28.79 26.18 28.39

Average 13.98 14.47 14.45 14.40 15.32 14.01 14.00 14.00 14.60 14.03 14.56 13.98 14.49

Details of classifiers and datasets are provided in Tables 1 and 2.
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of binary outputs, which can be perceived as a higher

level classifier. Hence if a fusion method is applied to

many such combinations of classifiers, we get many new

classifiers, which can subsequently undergo the selection

and fusion processes.

4.1. Network of outputs

It can be noted that the classifier outputs selected and

combined at many layers form a specific network

structure. At each layer of such network the aggregation

of outputs is followed by the generation of a new layer

of outputs returned from the combiner applied to se-

lected subsets of outputs from the previous layer. In our
model the combiner (majority voting) realises aggrega-

tion or fusion of outputs while the selection method is

responsible for generation of new outputs (MVE for the

outputs selected at previous layer). Hence, a multistage

selection–fusion model realises a network of outputs or

more precisely tries to establish the optimal network

structure such that if it is applied to classifier outputs,

the error from the final layer of the network is minimal.
It has to be noted that the condition of optimality is

imposed at each layer in the sense that the edges of the
network are established as a result of the search algo-

rithm that searches for the optimal combination. The

size of the network is completely arbitrary and prede-

fined by the number of layers and the number of best

combinations at each layer. In the design of the selection

fusion model, the focus is purely on achieving further
improvement in performance compared to the tradi-

tional single-layer selection. It is anticipated that due to

the accumulation of many good yet different combina-

tions of classifiers, such a model would better deal with

the generalisation problems. A series of experiments

with the five-layer networks are intended to verify these

expectations.
4.2. Analysis of generalisation ability

As mentioned above, a major motivation for

designing the MSF model is the potential use of the
population of best combinations returned by popula-

tion-based search algorithms in an attempt to improve

the system’s generalisation performance. For this pur-

pose the experiments intended to evaluate the quality of

search algorithms from Section 3.4.2 have been repeated



Table 8

Generalisation errors (evaluated on the testing matrices) of the majority voting combiner obtained for the best combinations and mean from 50 best

(if possible) combinations of classifiers found by eight different search algorithms for 27 datasets

Dat. ES SB RS FS BS SS GS PS

1b 50b 1b 1b 50b 1b 1b 1b 50b 1b 50b 1b 50b

iri 1.60 2.17 2.29 2.02 2.36 1.81 1.60 1.60 2.18 1.81 2.22 1.60 2.18

win 1.33 1.38 1.75 1.42 1.56 1.26 1.33 1.22 1.45 1.33 1.42 1.33 1.40

bio 9.53 9.64 9.59 9.69 9.97 9.81 9.63 9.53 9.72 9.63 9.70 9.53 9.64

son 16.38 16.35 15.58 16.53 16.67 15.58 16.34 16.38 16.42 16.38 16.42 16.38 16.42

gla 1.79 1.81 1.79 1.83 2.05 1.79 1.83 1.79 1.83 1.79 1.81 1.79 1.81

thy 3.05 3.38 3.70 3.37 3.69 3.22 2.88 3.05 3.43 3.05 3.39 3.05 3.39

syn 13.34 13.47 13.66 13.42 13.77 13.20 13.33 13.33 13.56 13.33 13.53 13.34 13.54

azi 30.85 31.09 30.27 31.05 32.81 30.85 30.85 30.85 31.42 30.85 31.23 30.85 31.09

liv 29.14 29.25 32.26 29.12 29.46 29.14 29.09 29.14 29.23 29.14 29.24 29.14 29.28

ion 4.65 5.17 5.93 4.92 6.30 4.65 4.65 4.65 5.32 4.65 5.30 4.65 5.19

can 2.73 2.81 2.81 2.73 2.96 2.73 2.79 2.73 2.85 2.75 2.83 2.75 2.82

dia 23.00 23.10 23.08 23.39 23.19 23.00 23.00 23.00 23.09 23.00 23.12 23.00 23.11

cnt 15.76 16.00 15.91 16.13 16.62 15.97 15.76 15.76 16.16 15.76 16.03 15.76 16.00

veh 16.35 16.92 16.35 16.82 18.68 16.35 16.35 16.35 16.97 16.47 17.02 16.35 16.94

chr 52.88 54.77 52.88 55.37 58.13 52.88 52.88 52.88 55.47 53.37 55.19 52.88 54.95

seg 5.56 5.80 7.56 5.56 6.33 5.53 5.56 5.56 5.88 5.56 5.85 5.56 5.80

cnc 1.05 1.47 1.05 1.41 1.78 1.05 1.05 1.05 1.54 1.05 1.54 1.05 1.46

ga2 26.24 26.41 26.24 26.42 26.80 26.24 26.24 26.25 26.49 26.24 26.41 26.25 26.43

ga4 18.47 18.69 18.49 18.49 19.53 18.47 18.46 18.47 18.79 18.47 18.74 18.47 18.71

ga8 10.32 10.81 10.32 10.99 12.13 10.32 10.32 10.32 11.08 10.32 10.90 10.32 10.84

clo 11.28 11.32 11.25 11.25 11.90 11.28 11.28 11.28 11.39 11.28 11.34 11.28 11.33

pho 16.68 17.08 16.50 16.71 17.91 16.68 16.68 16.68 17.33 16.68 17.12 16.68 17.07

tex 0.37 0.40 0.50 0.40 0.48 0.36 0.37 0.41 0.42 0.37 0.41 0.37 0.40

sat 15.00 15.19 15.44 15.17 15.72 15.00 15.00 15.00 15.24 15.00 15.26 15.00 15.19

cba 25.67 27.12 26.68 26.99 29.18 25.67 25.67 25.67 27.49 25.67 27.32 25.67 27.14

shu 1.14 1.47 1.53 1.36 1.78 1.14 1.14 1.14 1.51 1.14 1.49 1.14 1.47

let 26.20 28.19 26.20 27.71 32.16 26.20 26.20 26.46 28.46 26.46 28.64 26.20 28.21

Average 14.09 14.49 14.43 14.45 15.33 14.08 14.08 14.09 14.62 14.13 14.57 14.09 14.51

Details of classifiers and datasets are provided in Tables 1 and 2.
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Fig. 2. Comparison of the errors from 50 best combinations of clas-

sifiers found by four population-based searching methods: ES, SS, GS,

PS.
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in an updated form incorporating the subsequent pro-

cesses of selection and fusion of outputs. Due to the

large size of the problem and high space and time

complexities, the network has been limited to 5 layers of
15 nodes at each layer. The inputs of such a network

represent the outputs from individual classifiers, while

the network output can be defined as the MVE output

for the best combination selected at the final layer. Such

experiments have been run for all 27 datasets and the

results obtained in the form of the error from the best

combination and the mean from the 15 best combina-

tions at each layer. Due to the huge size of these results
an aggregation along the datasets has been applied. Fig.

3 shows these aggregated results for all population-

based search algorithms examined on the validation and

testing matrices. Results specific to individual datasets

are shown in Table 9.

The results clearly show that further selection and

fusion beyond the first layer on average bring some

improvement to the overall system performance. Par-
ticularly valuable is the reduction in the generalisation

error which as shown in Fig. 3 (right column) was ob-

served for all population-based searching methods ex-

cept random search. A further conclusion coming from

Fig. 3 is that the improvement of performance is gen-

erally observed up to the second or third layer which is

followed by a slight increase or plateau in system error.

For further understanding of this behaviour Fig. 4
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Fig. 3. Evolution of the MVE for the MSF model with a network of 5 layers and 15 nodes at each layer. The thick line shows the MVE values for the

best combinations found by different search algorithms at each layer (1–5) of the MSF model. For comparison purposes this line starts from the error

of the single best classifier (layer 0), the level of which is also marked by the dotted line. The thin line shows the analogous evolution of the mean

MVE from all the combinations selected at each layer. Details of classifiers and datasets are provided in Tables 1 and 2.
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depicts the network obtained from the considered MSF

applied to the phoneme dataset. The complex connec-

tions up to the third layer quickly converge to the
redundant connections emerging from third layer where

the selector is passing the same individual combinations

to the next layer.

Although the concept of diversity has been under-

mined due to insufficient correlation with the combiner

performance, the network from Fig. 4 indicates that the

best combinations are composed of complementary ra-

ther than individually best performing classifiers. For
example the best combination at the first layer includes

the best performing support vector classifier (No. 8)

with an error of 16.66% and two much worse quadratic

and decision tree classifiers (No. 6, 12), with errors of

20.67% and 20.81%. These three classifiers combined by

majority voting error result in the 16.55% error,

improving the performance of the individual best clas-

sifier. Such behaviour is typical throughout the datasets
confirming the fact that some form of complementarity

or diversity among the classifiers plays an important role

in classifier fusion.

Among the best combinations at each layer, the

minimum error is observed at the second layer and this

is consistent with the average results for other datasets.

It seems then, that a two-layer network is the optimal

design for the MSF model, although it is not clear if and
how the number of combinations per layer affects the

optimality of the network architecture. The relatively

small size of the layer, Mk ¼ 15, was set deliberately in

the experiments to allow for comprehensive tests with

many datasets and searching methods including
exhaustive search. A striking similarity with the neural

network processing inspires further conclusions. It ap-

pears that the MSF model implicitly introduces some
form of weighting of the individual classifier results. By

stretching the scope of fusion into many layers and

allowing for multiple use of individual classifiers’ out-

puts in many combinations, MSF seems to adjust a very

inflexible majority voting combiner into a flexible com-

bining system, weighting the influence of individual

classifiers.

In terms of reliability of MSF, the experiments re-
vealed moderate but positive tendencies. The reliability

was measured as a variance of obtained performances

over 100 different splits between training and testing

sets. The results showed small but consistent reduction

of the variance for higher layers reaching on average

around 95% of its original value at the first layer.

Boosting the reliability of performance is an expected

behaviour consistent with our findings from [30] and
resulting from the applied aggregations.
5. Discussion

This work intends to provide some remarks relating

to the applicability of diversity analysis to a typical task

of the classifier fusion system, which is classifier selec-
tion. A number of search algorithms have been pre-

sented and adopted with the majority voting combiner

considered throughout this paper. The algorithms used a

binary vector of classifier incidences, indicating exclu-

sion (0) or inclusion (1) of the classifier in the combi-



Table 9

Generalisation errors (evaluated on the testing matrices) of the majority voting combiner obtained for the best combinations from the five-layer

selection–fusion model

Dat. ES RS SS GS PS

Emin L Emin L Emin L Emin L Emin L

iri 1.60 1 2.10 1 2.26 2 1.60 1 1.60 1

win 1.20 2 1.26 2 1.26 3 1.17 3 1.17 3

bio 9.34 2 9.42 3 9.34 2 9.38 2 9.38 2

son 15.39 3 16.03 2 15.58 1 16.01 2 15.96 3

gla 1.77 2 1.79 3 1.76 3 1.76 3 1.76 3

thy 3.00 2 3.33 3 3.05 1 2.96 2 2.98 3

syn 13.34 1 13.33 1 13.33 1 13.34 1 13.34 1

azi 30.07 2 30.77 2 30.31 2 30.07 2 30.07 2

liv 29.07 3 28.99 3 29.14 1 28.70 5 28.80 2

ion 4.65 1 4.50 3 4.70 3 4.65 1 4.65 1

can 2.72 3 2.75 2 2.70 2 2.73 1 2.73 1

dia 22.94 2 22.91 4 22.96 2 22.94 2 22.95 2

cnt 15.56 3 15.71 3 15.59 2 15.56 3 15.56 4

veh 16.35 1 16.50 1 16.37 2 16.37 2 16.35 1

chr 52.88 1 54.39 1 53.33 1 52.88 1 52.88 1

seg 5.37 2 5.52 4 5.38 3 5.37 2 5.37 2

cnc 1.05 1 1.34 1 1.05 1 1.05 1 1.05 1

ga2 26.24 1 26.58 4 26.24 1 26.24 1 26.24 1

ga4 18.46 2 18.49 1 18.47 1 18.47 3 18.46 2

ga8 10.32 1 10.89 1 10.32 1 10.32 1 10.32 1

clo 11.11 2 11.27 2 11.20 2 11.14 2 11.13 2

pho 16.24 2 16.55 4 16.31 2 16.24 2 16.24 2

tex 0.36 2 0.37 1 0.37 1 0.36 3 0.36 3

sat 15.00 1 15.05 3 14.91 3 15.00 1 15.00 3

cba 25.67 1 26.89 3 25.67 1 25.67 1 25.65 3

shu 1.12 2 1.42 5 1.14 1 1.12 2 1.13 2

let 26.20 1 26.89 1 26.20 1 26.20 1 26.20 1

Average 13.96 14.26 14.03 13.97 13.97

The columns show the minimum errors obtained and the layer indices at which the minimum errors were observed. Details of classifiers and datasets

are provided in Tables 1 and 2.
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nation, as a representation of the selection solution.

Furthermore a diversifying operator was applied to the

populations of solutions, which prevented duplication of

the same combinations found as a result of the search

algorithms. Flexible implementation of the algorithms

allowed us to apply many different selection criteria

including many diversity measures defined in Section
2.3.

In the extensive experimental work, all the search

algorithms have been applied to the classification results

from 15 different classifiers applied to 27 typical data-

sets. This has been repeated in many versions corre-

sponding to different selection criteria. The majority

voting has then been applied to the best combinations

returned by the algorithms and provided the basis for
the assessment of different diversity measures used as

selection criteria. As expected, the selection results

turned out to be consistent with our findings from [29].

The better the correlation between the measure (selec-

tion criterion) and the combiner performance, the higher

the performance of the selected combinations. Ulti-

mately, majority voting error used as a selection crite-

rion showed the optimal results, although a selection
based on well correlated F2 and FM measures also

provided good results.

In an attempt to improve the generalisation ability of

the selected combination of classifiers a new MSF model

was developed. This method combines the selection and

fusion of the classifier outputs applied at many layers.

The experiments with the novel method resulted in an
improved generalisation performance compared to the

individual best and the combination selected by the

single-layer selection model. The results of the experi-

ments point to the two-layer network as the optimal

architecture of the MSF model, though it is noted that

this may vary for different algorithms and the numbers

of nodes (best combinations retained at each layer) fixed

for each layer. Based on analogies with the neural net-
work design, the advantage of the MSF model is ex-

plained as coming from injection of some flexibility into

a very inflexible majority voting combiner. This flexi-

bility comes in the form of a weighted influence of

individual classifiers and greater freedom in the inter-

action between the selection and fusion process, al-

though achieved at the price of higher complexity in a

model.



Fig. 4. The network (5 · 15) resulting from the application of MSF model with M ¼ 15 classifiers, majority voting and exhaustive search on the

phoneme dataset. Layer 0 represents individual classifiers and their individual errors are marked underneath. The best combination at each layer is

marked by an enlarged black circle. The validation and testing errors of the best combination at each layer is marked respectively below the layer

labels. Details of classifiers and datasets are provided in Tables 1 and 2.
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